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Kurzzusammenfassung 3

Abstract

The thesis consists of three parts, as described next.

Part I: Many agent-based models are subject to inequality constraints, e.g. non-overlapping
conditions, which make them hard to analyse and simulate. Here we explore the well-posedness
of these models and propose a new numerical method. In particular, we first show the well-
posedness of these models thanks to the theory of differential inclusions. Second, adapt a method
that appears in the literature of computer graphics called position based dynamics (PBD) to solve
first-order differential inclusions.

Part II: The primary project of this PhD thesis is the study of epithelial-to-mesenchymal Transi-
tions (EMT), which are complex cellular processes that play a crucial role in neural tube formation
and also occur in wound healing, fibrosis and the initial stage of metastasis. EMT is a crucial
biological process that can lead to cells migrating the tissue in which they reside. In this part
of the thesis, we develop an EMT model, extending an existing model for growing epithelium.
Since the model is an agent-based model with constraints, using the PBD method exposed in
part I, we can simulate millions of different epithelial-to-mesenchymal transitions and perform
a statistical ranking to identify the key factors leading to cellular migration. Our findings led
to new biological hypotheses, which the group of biologists led by Eric Theveneau (CNRS,
Toulouse) tested experimentally.

Part III: We show the mean-field limit for a particle system with constraints. This particle system
is inspired by models for muscle contraction.

Kurzzusammenfassung
Diese Doktorarbeit besteht aus drei Teilen, wie im Folgenden beschrieben.

Teil I: Viele Agenten-basierte Modelle enthalten Ungleichheitsnebenbedingungen, z.B. um Uber-
lappungen von Objekten zu vermeiden. Wir untersuchen die Wohlgestelltheit solcher Modelle
und schlagen eine neue numerische Methode vor. Zuerst zeigen wir Existenz und Eindeutigkeit
mithilfe der Theorie von differentiellen Inklusionen. Danach passen wir die Position-based
Dynamics (PBD) Methode aus der Computer Grafik Literatur an um differentielle Inklusionen
erster Ordnung zu l6sen.

Teil II: Das Hauptprojekt dieser Doktorarbeit ist die Untersuchung von Epithelial-mesenchymale
Transitionen (EMT). Dies ist ein komplexer Zellprozesss welcher eine entscheidende Rolle spielt
in der Entwicklung der Neuralrohre, aber auch in der Wundheilung, Fibrose und Anfangsstadien
von Metastase. EMT fiihrt zur Zellmigration aus dem Gewebe heraus. In diesen Teil der Arbeit
erweitern wir ein existierendes Modell fiir wachesendes um EMT zu modellieren. Die PBD
Methode (aus Teil I) wurde speziell fiir dieses Modell angepasst und ermdglicht es Millionen
von EMT Szenarien zu simulieren. Durch eine statistische Auswertung konnen wir so die
Schliisselfaktoren identifizieren, welche zur Zellmigration fithren. Unsere Ergebnisse haben zu
neuen biologischen Hypothesen gefiihrt welche von der Gruppe von Eric Theveneau (CNRS,
Toulouse) ausgewertet wurden.

Teil III: In diesen Teil untersuchen wir ein Partikelmodell mit algebraischen Nebenbedingungen,
welche inspiriert sind von Muskelmodellen. Wir beweisen Konvergenz der Durchschnittsfeld-
Naherung (mean-field limit).
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Prologue

‘The only interesting thing about vertebrates is the neural crest.’

This (somewhat facetious) quote, attributed to Thorogood (1989) [GGOO], might come
as a surprise to those mathematicians who don’t know what neural crest cells are. It is,

however, still alive in the thoughts of nowadays biologists, as the following tweet shows
[ZT22].

If Twitter goes down this weekend (and even if it doesn’t). Can we all agree
the #neuralcrest is the only cell type worth studying in Vertebrates???

Q 7 1 2 Q a4 A

8 Eric Theveneau @EricTheveneau - 9 Std.
Antwort an @AntoineZalc

Are there any other cells in vertebrates ?! &

Q 2 ! Q 5 i

@ Antoine Zalc @AntoineZalc - 21 Std.

Neural crest cells play an important role in the early development of animal embryo.
Indeed, almost every part of our body (from head to toe) contain some former neural
crest cells. This large distribution of neural crest cells is possible because of their ability

to migrate far distances and due to their genetic flexibility, which allows these cells to
fulfil many different roles.

One of the key properties of neural crest cells is that they perform the epithelial-to-
mesenchymal transition, which is a process during which these cells change their cell
type allowing them to migrate. This thesis is at its core about the mathematical explo-
ration of the epithelial-to-mesenchymal transition.
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Introduction

This thesis is primarily about models explaining how neural crest cells initiate migration.
More broadly, we are interested in the underlying process known as the epithelial-
to-mesenchymal transition. During this transition, cells change their characteristic traits
and gain migratory functions.

We used agent-based modelling to help experimentalists with difficult-to-test questions
about epithelial-to-mesenchymal transitions. Our results lead the biologists to rethink as-
sumptions about this process and to conduct experiments with provided new biological
results.

After finding the right model and fitting mathematical framework, the main challenge
became to make simulations fast enough for extensive ensemble simulations. We found
that a new method from NVIDIA, called position-based dynamics (PBD), made our
computations 300 times faster.

In the following, we outline the structure of this thesis in more detail.

Overview

This thesis consists of three parts. In the first part, we develop the mathematical theory
of differential inclusions and present the position-based dynamics method. These
foundations are applied in the second part, where we model and analyse epithelial
cells with agent-based models. Our main application is a model for transitions between
epithelial and mesenchymal cells. In the third part, we prove mean-field convergence for
a system with constrained particles. This last part is independent of the other projects,
but it has in common that we investigate an ODE system with constraints.

9



10 Introduction

Part I: Theory of differential equations with inequality constraints and position
based dynamics

Many agent-based models contain objects which should not overlap. Mathematically,
this leads to differential equations with inequality constraints. Crucially, such inequali-
ties give rise to non-smooth behaviour at the transitions between unconstrained motion
and sliding cases, see Figure |l For example, when an object hits the ground, it will
change its velocity discontinuously. One approach to deal with such behaviour are
differential inclusions.

unconstrained active constraints "sliding"

Figure 1. Illustrative example of typical interaction between particles with volume.

Chapter[I|introduces the formalism of differential inclusions to prove the well-posedness
of first-order differential equations with inequality constraints. The study of differential
inclusions relies on tools from convex analysis, such as normal cones or subderivatives.
However, most non-overlap conditions do not result in convex sets, which makes
classical theorems inapplicable. To solve this, one can use the extension of convex
analysis on uniformly prox-regular sets. A set is prox-regular if the orthogonal projection
onto the set is unique for points close enough to the set. The results from show
the well-posedness of differential inclusions on prox-regular sets.

The theory in Chapter|[I|applies, in particular, to the agent-based models in the second
part of this thesis. These agent-based models are first-order ODEs with inequality
constraints which fulfil the assumptions needed for well-posedness of the corresponding
differential inclusions.

In Chapter 2| we analyse a method called position based dynamics (PBD), which was
developed by NVIDIA for fast and stable simulation of physical systems with
contacts. We can adapt the PBD method for first-order differential inclusions with only
minor changes. The method shows surprisingly good properties, such as numerical
stability at large time steps and a fast runtime. Moreover, the PBD method converges in
numerical tests to the exact solutions. However, a full proof of convergence is still not
available.

While the mathematical foundations are yet to be established, we think that PBD is a
useful tool for modelling, since it is likely the easiest method to deal with constraints.
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It only requires one simple operation per overlap, but neither Lagrangian multipliers
nor artificial numerical parameters. This lowers the complexity of implementations and
could accelerate the development of new models.

Part II: Modeling of the epithelia-to-mesenchymal transition

The epithelial to mesenchymal transition

Mesenchymal cells:

- changed orientation

- loss of cell-cell adhesion
- can excape epithelium

- migrate far distances

apical layer

Epithelial cells ‘

- form organised tissue b"*d/ ext
I'ye;
lls,(),

- rich in cell-cell adhesion

- apical-basal orientation

- movement syncronised
with cell cycle

basal membrane

Figure 2. Sketch of an epithelial tissue with cells transforming from epithelial to mes-
enchymal cell type. Mesenchymal cells can escape the tissue basally which is an important
process in developmental biology.

The primary project of this PhD thesis is the study of epithelial-to-mesenchymal transi-
tions (EMT), which are complex cellular processes which play a crucial role in neural tube
formation and also occur in wound healing, fibrosis and the initial stage of cancer devel-
opment. After EMT, cells typically have gained some or all functions of mesenchymal
cells and start to migrate by leaving the epithelium basally, see Figure[2]

In Chapter B} we introduce an agent-based model of growing epithelium based on
[Fer+19]. An epithelium is a skin-like tissue in which cells arrange themselves in a dense
structure. The model fits experimental data from Theveneau’s lab (CNRS, Toulouse),
where the chick embryo neural tube serves as a model organism. In the model, we
represent cells with simple mechanical components, such as linear springs, repulsive
forces and non-overlapping constraints. The components model the cytoskeleton, the
adhesion between cells and the cell’s nucleus. As a collective, the cells of the model
form a tissue-like layer which shares characteristics with the experimental data of
Theveneau’s lab. The model from also features cell cycle-dependent changes of
the cytoskeleton dynamics, which lead to realistic growth behaviour.

Our contribution is a modification of the model from [Fer+19] to improve its runtime and
numerical stability. All modifications are such that our model remains consistent with
the simulations in [Fer+19] to avoid duplicated work. The simulations in [Fer+19] use the
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damped Arrow Hurwicz method to solve non-convex constrained energy minimisation
problems in each time step. We initially tried different minimisation methods but
found that these led to different local minima and, thus, to a completely different
model. Our main observation is that the damped Arrow Hurwicz method can introduce
damping between time steps, which explains the discrepancy with other solvers. As a
consequence, the actual simulations in [Fer+19] correspond to an overdamped Newton
equation instead. Therefore, we consider the overdamped Newton equations to gain
access to new numerical methods, which are generally more straightforward than non-
convex optimisation schemes. This change makes it possible to use the position based
dynamics method. Thanks to that, we can simulate over 300 times faster with equivalent
simulation outcomes. The new simulation is also numerically more stable, allowing us
to explore a more extensive range of parameters.

Chapter [4 contains the main results of our interdisciplinary project. Here we extend
the model for growing epithelium from Chapter 3|to allow specific epithelial cells to
gain traits of mesenchymal cell types. Opposite to epithelial cells, mesenchymal cells
can detach from the epithelium and start migrating. In addition, they exhibit different
cytoskeleton dynamics and a different sense of direction.

As sketched in Figure 2} those cells undergoing the epithelial-to-mesenchymal transition
(EMT) can leave the epithelium on the basal side. Such basal extrusion is the start
of collective cell migration of mesenchymal cells, therefore, it is natural to ask which
mesenchymal characteristics contribute the most to basal extrusion.

EMT is not a switch between epithelial and mesenchymal cell types but a collection
of many non-compulsory transformations. This leads to heterogeneity of possible cell
types within the epithelial-to-mesenchymal spectrum. Our model is as minimal as
possible, with only four parameters determining if and when certain transformations
occur. Nevertheless, all these different parameter combinations plus groups of cells with
different parameters give thousands of possible EMT scenarios.

Using the PBD method, we can simulate millions of different EMT scenarios and perform
a statistical ranking to identify the key factors leading to basal extrusion. We compare
not only different timings for the individual EMT steps, but also the impact of group
sizes and the difference between homogeneous and heterogeneous groups of EMT cells.

We identify three main features which explain most cases of basal extrusion in silico (i.e.
in our simulations).

e First, it is no surprise that cells showing protrusive activities (i.e. a mechanism
to extend in specific directions and pull themselves forward) are much more
efficient at exiting basally than cells replying on passive forces to reach the basal
side. Even more, cells without protrusive activities are at risk of exiting on the
wrong side, the apical side. This aspect is challenging since apical extrusion
does only occur in experiments where certain cells functions are inhibited, but
not in normal control settings. However, we realise that protrusive activities are
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key to explaining experimental results, since, other EMT factors cannot explain
alone the high rate of basal extrusion that is observed experimentally.

e Second, the simulations show that cells without protrusions only have a high
chance of successful basal exit if they are already in a favourable position close
to the basal side at the onset of EMT.

e Finally, we did not find any relevant correlation between the timing of EMT
transition events and the resulting extrusion rates. This indicates that the order
in which the transition takes place is irrelevant.

The simulation results challenged some experimental views on the nature of EMT and led
to new hypotheses to resolve the dichotomy between the simulations and experimental
beliefs. Some of these experiments are still ongoing. In particular,

e the first in silico observation fits to published in vivo experiments [Kil+98] where
cells without the ability to form protrusions are exiting the epithelium apically.
This indicates that protrusions play already a key role in the initial stage of
EMT, since they are necessary to explain why (under physiological conditions)
all cells escape basally.

e For the second in silico observation, Theveneau’s lab found supporting exper-
imental evidence. The experiments showed that cells undergoing EMT will
already position themselves at the basal side before the EMT programs start.
This “preparation” underlines that the position could be a crucial favouring
factor for basal extrusion.

e Finally, the observation that the timing of EMT transformation events is irrele-
vant is hard to test experimentally. Overall, the simulations let us conclude that
there might be many more important factors than timing.

Part III: Mean-field convergence for a particle system with constraints.

The last part of this thesis is independent of the former two. The project is a follow-
up to my master’s thesis, where I studied mathematical aspects of models for muscle
contraction.

Our motivation from the modelling side is a particular aspect of muscle contraction.
In non-specialists’ terms, a muscle contracts because billions of tiny filaments inside
the muscle are pulling simultaneously, see Figure (3| If we consider the whole muscle
together with the billions of tiny filaments as a coupled mathematical system, then the
question occurs how the whole muscle and the filaments interact. Clearly, the contraction
force is the sum of the billion individual pulling forces. On the other hand, also the
filaments will extend according to the deformation of the whole muscle. Typically one
neglects this second direction of interaction, as it contributes little to the overall dynamics
since the filaments often detach or break. However, in this more mathematically driven
part of the thesis, we will prove which system arises in the mean-field limit if one
considers both directions of this coupling.
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Macroscopic component: Particles:
Passive muscle tissue Actin-myosin filaments

Figure 3. Sketch of the relation between a whole muscle tissue and the tiny filaments
(actin-myosin filaments) which can make the muscle contract.

On the mathematical side, the question is how the classical mean-field limit theory
works out if the particles are all subject to a particular set of constraints. Interestingly,
there are many theorems about mean-field convergences and coarse-graining, which
all have the common assumption of a flat geometry, i.e. unconstrained particles. Due
to a lack of a suitable theorem, we prove the mean-field limit following the classical
approach as in [Gol16]]. On the way, we also obtain Dobrushin’s stability estimate for
this particular type of coupled system.

One aspect that sets our constrained particle systems apart from other mean-field limits
is the occurrence of a mean-field mass. The mean-field mass relates to the inertia of
particles which have to move when the overall system moves. The mean-field mass can
even be non-constant if the constrained particles have to move at different speeds to
keep up with the constraint.
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Chronological overview of this PhD thesis

Marina A. Fereirra's PhD

Agent-based model
for healthy pseudo-stratified epithlium

Q: What are the key factors of the epithelial-to-mesenchymal
transtion leading to basal extrusion?

Added rules for
epithelial-to-mesenchymal transition (EMT)
to an existing model for growing epithelium.

Realise existing model is actually solving
overdamped Newton equations

with inequality constraints.

— gives access to faster numerical methods!

EMT is very heterogeneous!

To compare many different scenarios,
use thousands of simulations

and statistical ranking.

Modelling leads to biological hypotheses:
1. Cells position themself already basally
before onset of EMT!
2. Does apical extruion occur in
the absense of cell protrusions?

Experimental validation:
1. is tested with experiments.
2. currently ongoing but relates to published data.

My master's thesis

Simulation and Lagrangian modelling
of skeleton muscle tissue

Start of my PhD

Q: Our muscles contract due to the accumulated force
of billions of cross-bridges. How can kinetic
theory be applied to such a mechanical system?

Mean-field limit for particle systems
with uniform, full-rank constraints.

Q: Which theory is applicable to ODEs
with non-convex inequality constraints?

Use existing mathematical framework:
Well-posedness theory for
differential inclusions on prox-regular sets.

Theory applies to the EMT model and
the cell migration model.

Q: How can we simulate overdamped Newton
equations with inequality constraints
in the fastest possible way?

Adapt a popular method from computer graphics,
position-based dynamics, to first-order systems.

—  x300 speed up for our model!
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Notation
Within this thesis, we will use the following notation.

For vector valued variables or functions, we mostly use boldface font such as « € RA.
Since we often deal with particle systems, we will write X = (X1,...,Xy) € RN
where we use X; € R? to refer to the coordinates of the ith particle.

Upper indices might refer to the current time-step, e.g. X* = (XF,..., X}).

We use 0 as the notation for the differential, e.g. for a function F' : R? — R™ we write
OF (z) : RY — R™ for the derivative at a point « € R%. For a (tangent) vector v € R?, we
write OF (x)[v] € R™ if we want to emphasise the linearity. Otherwise, we simply use the
common association 9 F(x) € R"*? and write 0F (x)v instead. Higher order derivatives
are notated as 9>F(z) : R? x R? — R"™ where we might write 9 F (z)[v, w] € R" for two
tangent vector v, w € R%.

In this thesis, we will always use the standard Euclidean scalar product v-w = >"" ;| v;w;
for finite dimensional vectors and ||v|| = \/v - v denotes the Euclidean norm. The nabla
operator denotes the transposed of the gradient, i.e., for a function g : R¢ — R we define
Vg(z) = (9g(x))" € R7.

For a function « : [0, 7] — R? where [0, T] denotes a time interval, we will use dots to

denote time derivatives, i.e. & = %—f and & = ‘(11272”.
Moreover, we denote the sup norm as
[@]joo = sup [la(t)].
t€[0,T)

Finally, we will introduce some notation from convex analysis in Chapter [I, Most
notable, we denote the distance between a point z € R? and a set S C R? as dist(zx, S)
and the orthogonal projection onto the set S is denoted as Pg. Finally, we denote the
normal cone of a closed set S at a point x € R? as N (S, x) (as defined in Definition .



Chapter 1

Differential equations
with inequalities:
well-posedness via
differential inclusions

This chapter sets up the mathematical framework that will be applied in Chapters 2] to 4l
We introduce the theory of first-order differential inclusions, which arise when we solve
differential equations subject to inequality constraints.

In physical contexts, non-overlap conditions between objects are a common source of
inequality constraints. One would typically differentiate between plastic and elastic
contact for objects in touch. Let’s consider an (infinitely stiff) rubber ball which falls
on the ground. We will observe very non-smooth behaviour at its impact: The velocity

Figure 1. Example for the non-smooth dynamics of a bouncing ball. For second-order
dynamics, such as ma = F' — pa, the forces cannot be regular functions, but are instead
distributions.

will change discontinuously, and even worse: the forces at contact are only generalised

17



18 1. Well-posedness of differential inclusion

functions (e.g. distributions or measures), see Figure[l} It is not surprising that analysing
such non-smooth mechanical systems is very difficult.

Fortunately, we do not have to deal with such complicated and potentially ill-posed
systems in this thesis. We only need first-order systems such as the overdamped limit
of Newton’s equations. An approximative example of overdamped dynamics would be
a rubber ball inside water. Due to friction, the rubber ball would have essentially no
acceleration and at contact with the ground, it would not jump up again but instead just
stop (or slide), see Figure[2]

Figure 2. Example for overdamped dynamics, such as p& = F', where collisions lead
to a different behaviour which is mathematically less challenging that the second-order
counterpart.

Our actual application is not that far from this idealised scenario since we will deal
with cells in our body which are primarily embedded in water (and a heterogeneous
environment). Therefore, we choose to use overdamped Newton equations to formulate our
models. More specifically, we will use agent-based models with non-overlap conditions.

The theory of differential inclusions allows us to provide well-posedness results for our
agent-based models and serves as a foundation for the numerical analysis in Chapter 2|
As a first example, we could consider the idealised rubber ball inside water again. We
could model the system with an energy W such as

W(z) = {mgw ifx >0,

00 ifz <0.

where m denotes the mass, g the gravity constant and x the rubber ball’s height above
the ground. With a bit of non-smooth analysis, one can define the subderivative of such
a function as

{mg} ifx >0,
OW(x) = ¢ (—o0,0] ifzx=0,
0 ifx <0.
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If we then try to write down the overdamped Newton equation, we will notice that the
right-hand sides are suddenly set-valued. This leads to a differential inclusion

uz € —OW (x)
with damping coefficient /.

The primary aim of this chapter is to provide show well-posedness for such differential
inclusions. The theory of differential inclusions is very diverse and still an active area of
research. The used views have not yet converged to one all-containing approach, and
there are many different ways to formulate the same systems. We will focus first on
the most elementary cases which require some convexity assumptions. However, since
our agent-based models do not satisfy the convexity requirements, we will also present
results from [BV10] which apply to so-called prox-regular sets. Replacing the convexity
requirements with prox-regularity still yields a useful well-posedness theory that applies
to our models and serves as a foundation for the numerical analysis in Chapter

In this chapter, we first recall the overdamped Newton equation in Section [I[jand show
how we can use overdamped Newton equations with inequalities for agent-based
modelling. We then introduce the classical theory of first-order differential inclusions in
Section 2] Section[3|present classical well-posedness results for the convex case. Finally,
we consider in Section [ the non-convex case and present well-posedness results which
make the theory applicable to our agent-based models.

My contribution

All content from this chapter is well-known. The use of prox-regularity for agent-based
models was proposed in [BV10].

1. Agent-based modelling with inequalities

Agent-based modelling is an umbrella term for many different approaches to model sys-
tems with many identical parts (“agents’) which follow specific rules which are specified
by agent-agent interactions and agent-environment interactions. The underlying idea
is that simple individual rules for agents and their interaction might lead to emergent
behaviour for a crowd of agents. Typical examples are pedestrian dynamics [BCD18§;
App+14] or traffic models [MKT18]], but also within biology, the use of such models is
prevalent.

In this thesis, we restrict ourselves to off-lattice models, meaning that the agents’ posi-
tions are in continuous space (rather than fixed onto a lattice).

Alternatives to agent-based modelling are often continuity equations. Such models
have the advantage that they are computationally more efficient when there are nu-
merous agents. However, it is often difficult to derive the correct continuity equations
for complicated interaction rules. Therefore, agents-based models are typically used
when complex interaction rules might be essential for the observed behaviour. For a



20 1. Well-posedness of differential inclusion

comparison between different modelling methodologies in the context of cell migration,
we refer to [FO22;[BE20].

Our agent-based models are also physical systems in the form of the overdamped
Newton equation. Therefore we will first recall the basics of overdamped mechanics
and then define a toy model which serves as the primary example for developing the
mathematical theory in this chapter.

1.1. Overdamped Newton equations in biology

First, we want to discuss how first-order equations arise in biological models. Most
physical models rely on Newton’s second law. For example, in this form

(1.1) me =F — px = -V W — ux,

where z € R? denotes the position, m is the mass, ;1 the damping coefficient and F
denotes the forces which are the negative gradient of the potential energy W, Especially
in biological models, the damping term deserves some attention. In cell biology, almost
everything swims essentially in water and is surrounded by many other objects. There-
fore, much kinetic energy dissipates into the environment, leading to cells” damped
motion (i.e., there are no inertial effects).

We can easily estimate the time scale for which the system is overdamped. For simplicity,
we consider a constant force F' in (1.1) and we denote the velocity as v := & which yields

F TR F
v=—-Ly = v(t) = ('vmlt - ) e ml 4 —
1 1

We see that

F
v — — ast— oo,
7
where the relevant time scale for the convergence is 7 = “&.

Therefore, if we consider simulations on a time interval [0, 7] where % < T, then we
obtain good approximations by solving the overdamped Newton equation

pi = F = —V,W.

Example 1.1 (Linear drag in biological fluids). Within this thesis, we will deal with
cells of radius around R = 5um. Following the example from [Clel16, Sec. 6.7.1], we
can estimate the amount of drag force using Stokes law. If we assume that cells are
nearly-spherical objects with radius R, then the drag force is

F28 — 67 Ry,

where 7) is the macroscopic viscosity of the fluid. In the case of cytoplasm (which is
the fluid surrounding cells), we might approximate the viscosity as 7 = 1071 kgm =15~}
which is 100 times larger than that of water [Cle16].
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Taking the drag as the source for damping in the system, we obtain the damping
parameters

R 6TRy =942 x 10 3 gs 1.

To see how close this is to an overdamped motion, we use the estimate that typically,
cells have a density of 1.05gL~!, which is 1.05 times the density of water. This yields a
mass approximation

4
ma~1.05gL7 "t §7TR3 =0.55 x 10712 g

Finally, the typical time scale is at least a few minutes up to a couple of days. Comparing
the numbers, we get

M 5833%x10 s,
1

This indicates that the motion of cells is in the overdamped regime and essentially
without inertia. In terms of fluid dynamics, this shows that we deal with a very small
Reynolds number.

In other terms, a cell which moves by self-propulsion will immediately stop once the
self-propulsion stops. There is no free-swimming of cells at this scale.

This thesis mainly uses the overdamped Newtonian equation as our underlying physical
law for all models.

1.2. Main example: Non-overlapping disk

We will now define an agent-based model that captures the models” mathematical
difficulty in Chapters [3|and ] but without their biological complexity. This model serves
as our toy example in this chapter. The following example is inspired by [MV11].

Model 1.2 (Non-overlapping disks as a complementary problem). We consider N disks
with centers at the positions X = (X;,..., Xy) € R2N and with radius R > 0. We will
write X to refer to the ith position vector of X.

The disks are not allowed to overlap, which leads to the conditions
(1.2) 0ij(X) =] X; — Xj|[| >2R for1<i<j<N
where §;;(X) denotes the distance between the centers of the ith and the jth disk.

We will use a linear index to refer to all constraints for notational ease. Let us define
g1, g RV 5 Rfor M = (§) as

(915 9m) = (612 — 2R, 613 — 2R, ..., d(y—1),n — 2R).
With this notation, (1.2) is equivalent to
(1.3) gr(X) >0 forl <k <M.



22 1. Well-posedness of differential inclusion

51']‘ < 2R

Vx, 9k

vngk

Figure 3. Sketch of the disk model and the distance functions. The right plot shows an
infeasible configuration as the corresponding gradients.

The governing equations for our model are

M
(1.4) Xi = F(X)+ ) MVx,g6(X)
k=1
(1.5) gr(X) >0, A>0 and Mggr(X)=0

for1 <i < Nand1 < k < M. The values (Ai(t),...,A\x(t)) are the Lagrangian
multipliers which from together with X the unknowns of this differential equation.

The first equation is the overdamped Newton law (with damping coefficient p© = 1)
and the second equation are called the complementary conditions or Signorini condi-
tions which ensure that the disks are pushed into overlapping free conditions
whenever two disks are in contact.

We will refer to and as the non-overlapping disks model as a differential complemen-
tarity problem.

The presented formulation is very common in contact mechanics and related fields.
Lagrangian multipliers are a helpful starting point for many numerical methods, for
example, to develop augemented Lagrangian methods where iterative methods
compute the multipliers in each time-step.

1.3. Non-overlapping disks as differential inclusions

To motivate how differential inclusions occur, we can use subdifferentials to rephrase
and (1.5) as a gradient flow problem. In Section[2} we will provide precise definitions
for the following informal derivation.
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1. Agent-based modelling with inequalities
Let us consider we are given a set S C R? and a function F : R — R¢ and we would

like to find an equation of the type
& = F(x) + ‘something to ensure x € S".

(1.6)
The question is how to define the extra terms which force « to stay in the feasible set.
One idea is to use the distance function between points to sets, which is
dist(z, S) = inf lz —yl|.
Using this function, we could define a potential energy which is zero inside S and

increases very fast if x is far away from S, e.g.
Wy (x) = ndist(x, S)

(1.7)
for any n > 0.
Our candidate equation would then be
@ = F(x) — VoW, ()

(1.8)
which is probably already quite satisfying, but if F' is large enough, it could push x into

the unfeasible region.
To cure this, we could take the limit n — oo which converges to the indicator function

00 ifxg S
W(x) := limsup W, (x) = I, =
(=) A (@) = Is(x) {0 ifxels.

00 00
\\ -I W(.I’) : II
Wi (z) /
n !

~\{ oW (@)= {0} I

OW (@) = (—00,0] [\\_ W (z) = [0, 0)

Figure 4. Sketch of the indicator function for an interval and the corresponding subd-
ifferentials. We can identify elements of the subdifferentials as lines (or hyperplanes)

fitting below the graph of the function .
Taking the classical gradient of IV is impossible, but we could compute the subdifferential
of W:R? — RU co. Ata point = € R, the subdifferential W (z) is characterised by
& Wy)-W(x)>v-(y—x) forally e R%

(1.9) v e dW(x)
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At non-smooth points, 0W () might be an empty set or contain more than one element.

If we consider for example S = [0, 1] C R, then we would obtain

(0} if z € (0,1)
oW () 0 ifr<Oorz>1
xr) =
(—00,0] ifz=0

[0,00) ifx=1.
See Figure || for an illustration of the subdifferentials.
Returning to our initial goal, we could now take the limit n — oo in and obtain
z e F(x)— oW (x)
which now is a differential inclusion since the right-hand side is suddenly set-valued.

Surprisingly, this formulation is (under some assumptions) equivalent to a formulation
as a differential complementarity system with Lagrangian multipliers [Bro+06|.

The set OW () = 0Is(x) has also a geometric interpretation, recalling (1.7) we can
intuitively see that OW (x) is the set of all outward pointing normal vectors of S, e.g.

oW (x) = 0Ig(x) = N(S,x)
where N (S, x) denotes the normal cone of S at  (which we will define later).
With this informal derivation, we could reformulate the model of non-overlapping disks
in the following form.
Model 1.3 (Non-overlapping disks as a differential inclusion). In the setup of
Model[1.2] we define the set of feasible points as

S:={X cR®™ | g;(X)>0forall1 <j < M}

The corresponding differential inclusion reads

(1.10) X e F(X)-N(S,X)

where N (S, X') denotes the normal cone of S at the point X.

For future reference, we will also define the sets of pairwise non-overlap as
S; = {X € BV | g,(X) > 0}

forl <j < M.

The main results from this chapter are to show well-posedness (existence, uniqueness
and continuous dependency on initial data) for (1.10). Moreover, we will see that this

model is equivalent to (1.4) and (1.5).
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2. Differential inclusions

A differential inclusion is a differential equation where the right-hand side is set-valued.
In the following we will provide an introduction to differential inclusions, however, for
details we refer to [Fil88; |AB08|]. We use the notation of multifunctions to make this
rigorous.

Definition 1.4 (Multifunction). A multi-function in R? is a map
F:RY — oR
where 28" denotes the set of all subsets of RY. We denote a multifunction in R? as
F:RI=Z R
Definition 1.5 (Differential inclusion in R?). A differential inclusion in R¢ is characterised
by a multi-function F : R? = R¢, an initial z™* € R? and it is expressed as
(1.11) &€ F(z), =(0)=ax™

Solutions of differential inclusions might fail to be differentiable, instead we will use the
space of absolutely continuous functions.

Definition 1.6 (Absolute continuity). A function f : [a,b] — R? is absolutely continuous
if for every € > 0 there exists a § > 0 such that for any finite sequences of disjoint
intervals (z, yx) C [a,b] we have

if > |y —akl <6, then > [|If(yk) — flaw)ll <e.
k:

k

We denote the space of absolutely continuous functions as AC([a, b], R?).
The following lemma gives a more helpful characterisation of absolute continuity.

Lemma 1.7 (Alternative definition of absolute continuity, [Cla13]).
A function f : [a,b] — R? is absolutely continuous if and only if there exists a Lebesque
integrable function g : [a,b] — R% such that

forall z € [a,b).

Lemma 1.7 implies in particular that for almost every z € [a, b] the derivative f/(z) exists,
which is important for the solution concept of differential inclusions.
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Definition 1.8 (Solution of differential inclusions). For 7" > 0 fixed, we say that that
x € AC([0,T],R%) is a solution of the differential inclusion (1.11) if it satisfies

(1.12) {«’B(t) € F(w(t)) forae. t € 0,7,
CC(O) — mll’llt.

Example 1.9 (Step multi-function). Differential inclusions also arise as a way to integrate
discontinuous differential equations. For example, we could consider the ODE
& = —sign(x)

where sign is the sign function with the convention sign(0) = 0. This equation has no
classical solutions. However, we could consider the following differential inclusion
instead

—1 ifz>0
(1.13) teq[-1,1] ifx=0
1 ifz <0

with z(0) = ¢ >0
It turns out that the unique solution is z(t) = max(c — ¢, 0).

This solution fails to be in C'([0,T],R) since the derivative does not exist at t = .
However, the derivative exists almost everywhere, and for ¢ # c is equal to

2(t) = —lpcey(t)

where 1 4 denotes the indicator function which is 1 over A and zero otherwise. The exis-
tence of an almost everywhere defined derivative proves that x is absolutely continuous

by Lemma

2.1. Well-posedness

There are several ways to show well-posedness for differential inclusions. With well-
posedness, we refer to existence, uniqueness and continuous dependency on initial
data.

The following continuity concept for multi-functions is needed to state the existence
theorem.
Definition 1.10 (Upper semicontinuity of multi-functions). A multi-function 7 : R¢ =
RY is upper semi continuous in & € RY if for all & > 0 there exists a § > 0 such that

if |z —y|| <5, then F(y)< F(x)+ B-

where B. C R? denotes the open ball with radius ¢ and the sum of sets denotes the
Minkowsky addition A+ B :={a+b|a € A,b e B}.
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Figure 5. Sketch of the vectors involved for the definition of one-sided Lipschitz con-
tinuity. Here, the red and blue lines indicate the sets 7 (x) and F(y). In this example,
the scalar product between « — y and v — w is positive, but in general, it could also be
negative.

Theorem 1.11 (Existence of solutions, see [AB08, Lemma 2.13]). Let F : R = R? be an
upper semi continuous multi-function such that F(x) is non-empty, closed and convex for all
xo € RY and let F be of at most linear growth, i.e. for some constant Mz > 0 we have

lyl| < Mr(1+ ||zol|) forall zg € RYy € F(xo).

Then, for each z™* € R? there exists a solution x € AC([0,T],R%) which solves the differential
inclusion

&€ F(z), =(0)=az™

The previous theorem does not assert uniqueness. One general property which ensures
uniqueness is one-sided Lipschitz continuity.

Definition 1.12 (One-sided Lipschitz continuity). A multi-function F : RY = R is called
one-sided L-Lipschitz continuous if there exists a constant L € R such that for all z,y € R?

(1.14) (v—w)- (@ —y) <Llz-y|* forallve F(z),w e F(y).

We note that negative Lipschitz constants are explicitly allowed in Definition We
will later deal with situations where negative Lipschitz constants occur.

Theorem 1.13 (Uniqueness [AB08, Lemma 2.31]). Let F : R? = RY be a one-sided L-
Lipschitz continuous multi-function. Then if x,y € AC([0,T],R?) are solutions of the differen-
tial inclusion (I.T1) (with possibly different initial values), then

l(t) — y(®)|| < exp(Lt)[lz(0) — y(0)]]
forallt € [0,T].

In particular, if solutions exist for then the solution is unique and depends continuously
on the initial data.
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Remark 1.14. If we consider the right-hand side from (1.13), which we might denote as
—sign with the convention —sign(0) = [—1, 1], then we can show both upper semiconti-
nuity and one-sided Lipschitz continuity.

As an example, we show both properties around z = 0:

e Upper semicontinuity: Follows trivial since —sign(y) C [—1,1] = —sign(0)
holds for all y € R.

e One-sided Lipschitz continuity: For y € R we consider two cases

-Ify > 0,letv € —sign(z) = [~1,1] and w € —sign(y) = {—1}, then we
obtain

(v—w)(—y)=(v+1)(0-y) <0< 2z —y)*
where we use (v + 1) > 0.
- For y < 0 we obtain in the same way (v — w)(z —y) < 0.

Summarizing, this shows that Theorems and are applicable in Example

Remark 1.15 (Monotone maps). In Remark we actually showed a stronger property
for the —sign function, namely that it is a monotone map, which is nothing else than a
one-sided L-Lipschitz continuous map with L = 0.

We note that sign would neither be monotone nor one-sided Lipschitz. Therefore, a
multifunction F : RY = R% might be one-sided Lipschitz continuous, but —F might not
have the same property.

In the systems that we investigate in this thesis (e.g. Model[1.3), the multi-functions 7
considered will neither be upper semicontinuous nor one-sided Lipschitz continuous.
In the next sections, we will develop the theory to show well-posedness also for systems
like Model The main theorems of this chapter (Theorem and Lemma
generalise Theorem and Theorem[1.13]

3. ODEs with inequality constratins: the convex case

A large class of differential inclusions are ordinary differential equations (ODEs) with
inequality constraints. A famous class of such problems are Moreau’s sweeping pro-
cesses, where solutions have to stay within moving sets. For ODEs with inequalities, the
geometry of the feasible set determines in which direction the velocities are corrected
such that solutions stay feasible. Typically, the correction velocities have to be aligned
with normal vectors of the feasible set.

Before we can define the differential inclusions which arise from inequality constraints,
we have to define basic notations from convex analysis, such as the normal cone of a
set and projections. The following definitions can be found in any textbook on convex
analysis, for example [RW98; HL93} Cla13; BP12].
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In the previous sections we have considered abstract multi-functions as the right hand
side of differential inclusions. We will now restrict ourselves to situations where the
right hand side is a of particular form.

3.1. Definition of the normal cone

In the following, we provide two different definitions for normal cones. The first
definition is the classical characterisation for convex sets, after that, we define a more
general notation of so-called proximal normal cones which are applicable also in non-
convex setups.

We let C' C R? be a convex set, i.e., for each two points ,y € C we have

A+ (1—-NyeC forall A € (0,1).
Using the convexity, we can define the cone of all normal directions.

Definition 1.16 (Normal cone of convex sets). Let C' be a non-empty convex set. We
define the normal cone as

Ne(z) ={veR?|v-(y—x) <0forally e C}.

See Figure [6] for a sketch of normal cones in the convex case. We note that normal
cones are in particular convex cones, which means that they are closed under vector
addition and multiplication with positive scalars, i.e. for v,w € N¢(x) we also have
av +w € Ng(x) for all @ > 0.

N(Cx)

Figure 6. Example for normal cones of a convex set.

We note the following three cases which typically occur for normal cones of closed,
convex sets C:

e If z € C'\ OC then the normal cone is a singleton N¢(x) = {0}.

o If ¢ C then N¢(x) = 0.

e For boundary points x € JC the normal cone contains all outward pointing
normal vectors.
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Let us consider an ODE such as
z = F(x)

where F: RY - R%is a (single-valued) function. Normal cones are the canonical choice
to extend ODEs with feasiblity conditions such as

x(t) e C forallt >0

where C'is a closed, non-empty and convex set.

As motivated in Section [1.3] we could consider
(1.15) x(t) € F(x) — No(x)
which is a differential inclusion with right hand side
F(zx) = F(x) — Nc(x).

One property of convex sets is that the normal cones are monotone multi-functions.
Definition directly implies that for «,y € C' we have

(v—w) (x—y) <0 forallv e Nog(xz),w € Nc(y).
Therefore, in the case F = 0, Theorem implies uniqueness of solutions of .

With normal cones of convex sets we can already define a large class of systems which
formed the development of differential inclusions.

Example 1.17 (Moreau’s sweeping process). The sweeping process was introduced by J.
Moreau to model problems in plasticity theory [Mor77]. Nowadays it still provides an
important class of differential inclusions.

The name is rather intuitive, imagine a moving convex set, i.e. C : [0, 7] = R¢ such that
C(t) ¢ R? such that C(t) is closed, bounded and convex for each t € [0, T].

The aim of Moreau’s sweeping process is to ensure that the position x(t) remains within
C(t). This can be realised with the differential inclusion

(1.16) &(t) € —Ne(x(t)) forae.te0,T],

(1.17) x(0) € C(0).

We remark that one could consider this system as a non-smooth gradient flow problem
such that

:I:(t) S —afc(t)

where 0 denotes the subderivative of the indicator function

T 0 ifx e C(t),
O Voo ifz ¢ O1).

Intuitively, the sweeping process is the minimal movement requires such that « stays
within the moving set, e.g. (t) € C(t).
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Moreau’s sweeping process is well-posed, provided the dependency ¢ — C(t) is regular
enough. First, we define the Hausdorff distance di between two sets A, B C R? as

dp (A, B) := max{sup dist(a, B),sup dist(b, A) }.
acA beB

We say a map ¢ — C'(t) is L-Lipschitz continuous with respect to the Hausdorff distance
dpy, if

(1.18) dy(C(t),C(s)) < L[t —s| forallt,s e [0,T].
With this notation, we can state the follow existence and uniqueness theorem.

Theorem 1.18 (Well-posedness of Moreau’s sweeping process [AB08, Theorem 2.37]). Let
T > 0 and suppose t — C(t) is L-Lipschitz continuous with respect to the Hausdorff distance
and that C(t) is non-empty, closed and convex for every t € [0,T]. Then there is an unique
solution & € AC([0, T], R?) solving and . Moreover, for almost every t € [0, 1] we
have ||z (t)|| < L.

4. The non-convex case: uniform prox-regular sets

The theory developed so for is not applicable to the model of non-overlapping disks
(Model . The key problem is that the set of non-overlapping disks (with radius
R >0)

{(X1,...,Xn) €R?™ ||| X; — X;|| > 2R forall1 <i< j <N}
is not convex.

However, the problem of missing convexity was solved in [ET06; BV10; MV11] where
the theory of differential inclusion was extended to so-called uniformly prox-regular sets.

To define prox-regularity, we quickly recall the definition of (orthogonal) projections.

Definition 1.19 (Projection). For a closed set A C R4, we define the projection
(1.19) P4 () :== argmin || — y||.
yeA

In general, the projection is a multi-function P4 : R? = R? However, when the
projection is single-valued we will treat it like a regular function.

Definition 1.20 (Distance). For any non-empty set A C R? we define the distance
between a point and the set A as

(1.20) dist(e, A) == inf ||z — yl|.
yeA

It is well-known that the projection onto convex, closed, non-empty sets C'is unique, i.e.
Pc is single valued. This property motivates the following definition of prox-regular
sets, which share this property of convex sets at least in a local sense.
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Definition 1.21 (Uniform prox-regularity). A set S C R? is uniformly prox-regular if
there exists 7 > 0 such that on

(1.21) S, = {x € R? | dist(z, S) < n}
the projection Pg is unique.

We will call S a n-prox-regular if it is uniformly prox-regular with constant 7.

Intuitively, n-prox-regular sets are such that one can roll a sphere with radius 7 along
the entire boundary without ever touching two points. An example for prox-regularity
is shown in Figure [/}

For properties of prox-regular sets, we refer to [Wei+17b; ANT17] or the upcoming book
[Thi22].

uniformly prox-regular not prox-regular

Figure 7. Left: Example for a non-convex but uniformly prox-regular set. Here the
rolling ball condition is visualised with the green disks. Right: The Pacman-like set is
not uniformly prox-regular since for points in the middle of the mouth (like the center of
the red disk) the projection is not unique.

The following result ensures that the set of non-overlapping disks is indeed uniformly

prox-regular.

Proposition 1.22 ([Venl1, Prop. 4.5]). For R > 0 and d, N € N, the set
S={(X1,...,Xn) €R™ || X; - Xj|| >2R forall1<i<j <N}

is n-proxy-regular with constant
R (1 . (21)\"
=— | zsin| — .
T7eN 37\ W

We note that the proof of Proposition is not trivial, since it relies on complicated
case distinctions between different ways how spheres can overlap.
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4.1. Proximal normal cones

The definition of normal vectors for convex sets does not apply for prox-regular sets.
Instead, we use the notation of proximal normal vectors.

Definition 1.23 (Proximal normal cone). Let A C R? be a closed set. A vector n € R? is
called a proximal normal vector of A at x if for some o > 0 we have

(1.22) x €Py(x+an)
We define the set of proximal normal vectors as
N(A,z) = {necR?|x € Pg(x+ an) for some o > 0}.
We note that for closed, convex sets C, both definitions of normal vectors are equivalent,
i.e. we have N¢o(x) = N(C,z) for all z € R?. However, Figure [§ shows an example

of a proximal normal vector which is not a normal vector in the sense of the convex
definition for normal cones (Definition [1.16).

N(Cx)

N(C,z)

x=Pylx+mn)

z=Pylz+n)

Figure 8. Example of proximal normal cones for a non-convex set. Notice that n would
not be a normal vector according to Definition since n - (y — ) > 0. However,
Definition ensures that N (A, ) depends only on the local shape of the set A around
x.

In the following, we will sometimes deal with points ,y € R? such that the difference
y — x is a normal vector. For such cases, the Definition implies:

(1.23) r=Ps(y) & Ps(z+(y—x)=x = y—zecN(S ).

With the notation of proximal normal cones, we can generalise (1.15) to prox-regular
sets. This leads to the following differential inclusion

(1.24) z e F(x)— N(S ),

(1.25) x(0) = ™t

where S C R? is uniformly prox-regular, F : R — R? is a function and = € S is the
initial state.
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4.2. Relation to nonlinear differential complementarity problems

For modelling and numerics, it is more common to use complementarity problems to
add inequality constraints to differential equations.

If the feasible sets is described by inequality constraint functions g = (g1, ..., gnm) such
that

xelS & g(x)>0 foralll << M,

then the corresponding differential complementarity problem reads

M
(1.26) & =F(z)+ Y \Vag;(z)

j=1
(1.27) ge(®) >0, N >0, Mge(x)=0 foralll </ < M,
where A1, ..., Ay are the Lagrangian multipliers.

For the equivalence between differential inclusions and complementarity systems we
need that the terms ), A; Vg g;() are equivalent to all proximal normals.

Definition 1.24 (Linear normal cone). For continuously differentiable constraint func-
tions g1, ..., gu : R — R, we define for € R? the linearised normal cone as

M
NY(z) = —Z)\jvng(sc) | gj(x) >0, XAj>0, MNgj(x)=0 foralll<j< M
7j=1

In our context, the basic constraint qualification condition [HL93, Chapter VII, Section 2.2] is
the equivalence of the normal cones, i.e., N(S, ) = N9(x). The constraint qualification
is essential to show the equivalence between (1.24) and (1.25) and (1.26) and (1.27).

In the case of the model for non-overlapping disks Model the following result
ensures the constraint qualification condition.

Theorem 1.25 ([Ven11), Proposition 2.8]). For S as defined in Model[I.3land g = (g1, - - ., gu)
as defined in Model[1.2} we have
N(S,z) = N9(x) forallx € R*",

Moreover, if we define
Sj = {x € BV | g;(X) > 0},

then we obtain
M
N(S,x)=> N(S;,x) foralleecR*.

J=1
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For general results on the equivalence between differential inclusions and complemen-
tarity systems, we refer to [Bro+06]. The equivalence in the uniformly prox-regular case
is shown in [ANT17, Section 9.2].

4.3. Hypomonotonicity

We saw in Theorem that solutions of & € F(x) are unique, if F is one-sided semicon-
tinuous. Unfortunately, the map « — F(x) — N(S5, x) is not one-sided semicontinuous,
however, we obtain a related property for proximal normal cones.

Let us first consider the case F' = 0. A key property of normal cones of n-prox-regular
sets is that the map

x— —N(S x)
is hypomonotone, i.e.
V|| + ||w
(1.28) ~o-w)-w-y) < Py

forallz,y € Sand forall v € N(S,z), w € N(S,y), see [PRT00, Proposition 2.8 and
Corollary 2.6.].

Hypomonotonicity is related to one-sided Lipschitz continuity in the following sense.
Denoting the unit ball as B1(0) C R?, then hypomonotonicity implies that

x— —N(S,xz) N B1(0)

is one-sided Lipschitz with constant % In Lemma [1.32, we will see that hypomonotonic-
ity is indeed sufficient to ensure uniqueness of solutions for (I.24) and (1.25).

4.4. Scalarly upper semicontinuity

Next, we generalise upper semicontinuity, which was the essential property in Theo-
rem to ensure existence of solutions.

In the following we will use support functions.

Definition 1.26 (Support function [RW98, Section 8.E]). For a set A C R? we define the
support function o(4,-) : R? — RU {+c0} as

(1.29) o(A,w) :=supv-w.
veA

The support function characterises the closed half-spaces containing A [RW98], i.e. we
have for any o > 0 the relation
AC{v|v-w<a} & oAw) <a
This is sketched in Figure 9]
Since taking a supremum over a larger set will always increase the value, we obtain

(1.30) ACB & o(Awv)<o(B,v) forallveRY
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A
o(A w)

N
™~

\

Figure 9. Sketch of the support function and the relation to half-spaces containing A.

Moreover, for any closed sets A, B C R? we have [RW98, Theorem 8.24]
(1.31) 0(A+B,v)=0(A,v)+0(B,v) forallveRY

Using the support function, we can define the following property for multi-functions.

Definition 1.27 (Scalarly upper semicontinuity, cp. [ET06, Sec. 2.1]). A multi-function
F : R? = R is scalarly upper semicontinuous if for any v € R,

(1.32) x— o (F(x),v)

is upper semicontinuous. Explicitly, we require that

(1.33) limsup o(F(y),v) < o(F(xz),v)
y—x

holds for all z € R? and all v € R<.

We recall that a (single-valued) function f : R? — R U {£o00} is upper semicontinuous at
x if it satisfies Definition which simplifies in the single-valued case to the condition

limsup f(x) < f(xo)

T—TQ

which yields (1.33) in the context of Definition

The following proposition shows that for uniformly prox-regular sets S the map x —
—N(S,x) N B;1(0) is scalarly upper semicontinuous.

Proposition 1.28 (JANT17, Proposition 3.4 (ii)]). Let S be n-prox-reqular and x € S, then
(1.34) limsupo (=N (S,x,) N B1(0),w) < o (=N (S,z) N B1(0), w)

Ty —T

for all w € R%. In particular, x — —N (S, x) N B1(0) is scalarly upper semicontinuous.

Remark 1.29 (Relation to subdifferentials). We note that for uniformly prox-regular sets
S one has the relation

N(S,z) N B1(0) = odist(x, S)
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where 0 denotes the proximal subdifferential with respect to . Moreover, different nota-
tions of subdifferentials coincide, such as the Clark subdifferential or the Mordukhovich
limiting subdifferential, see [ANT17| Proposition 2.3].

The following corollary will be useful in Chapter 2} Section 3|

Corollary 1.30. Let S1,...,Spand S = ﬂj S; be defined as in Theorem

Then for sequences (pg-"))neN with pg-")

e S; and p'™

j —rxasn — oo, we get

n—o0

(1.35) lim sup o ( STN(S;, P N By(0), w) < o (~N(S,z) N B1(0), w)
J
for all w € R

Proof. First we apply Proposition for each 1 < j < M, which yields
limsup o (—N(S;,p\") N B1(0), w) < o(~N(S;, ) N B1(0), w).

n—oo

Since A — o(A, w) is Minkowsky additive (1.31) and lim sup is subadditiv we get

hmsupa ZN ],p] ﬁBl(O),w)

—hmsupz j,p] )ﬂBl(O)aw)
M
<> o(=N(S;,z) N Bi1(0), w)
j=1
M
ZN x) N B1(0),w).
7j=1

Finally, Theorem implies
(1.36) —> N(Sj,x) = —=N(S,z)

which yields the claim. O
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4.5. Well-posedness on uniformly prox-regular sets

In this section we will present the proofs for existence and uniqueness of the differential
inclusion

(1.37) z— F(x) e —N(S,x),
(1.38) x(0) = ™",

Before we can state the well-posedness result, we have to collect a few assumptions.
¢ S C R%is non-empty, closed and n-prox-regular.

e The forces F : R? — R? are Lipschitz continuous, i.e., there exists a constant L
such that for all z, y € R¢

(A1) |F(z) — F(y)|l < Lrllz -yl
e The forces grow at most linearly, i.e., there exists a constant M such that for all
x € R
(A2) |F(x)|| < Mp(1+ ).

We note that Lipschitz continuity implies that the function grows at most
linearly.

To prove existence of solutions, we show convergence of an iterative scheme. We use
Moreau’s catch-up scheme, which is defined (for A > 0) as

(1.39) xpr1 = Ps(zy + hF(xg)).

See Figure [10| for a visualisation of the catch-up scheme. The catch-up scheme is the
equivalent of the explicit Euler method for differential inclusion. Recalling (1.23), we see

that (1.39) implies
Ty — ki1 + hF () € N(S, k1)
which is a discrete variation of (1.37).

force integration

projection

Figure 10. Example for Moreau'’s catch-up scheme. As long as the solution remains inside
the set S, the method is equivalent to the explicit Euler method. However, each time the
Euler method leaves the feasible set S, a projection onto P s resolves the infeasibility.
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Theorem 1.31 ([BV10, Theorem 1.2]). Let F : R® — R< be a Lipschitz function
admitting at most a linear growth and 1 > 0 be a fixed real. Let S be nonempty, closed and
n-prox-reqular subset of R%. Then for all x™* € S and any T > 0, the system

(1.40) {d:?é))) fFiEz(t)) — N(S,z(t)) forae te[0,T],

has an absolutely continuous solution  : [0, T] — R
Hypomonotonicity implies uniqueness of solutions.

Lemma 1.32 (cp. [BV10, Prop. 3.4]). In the same setup as Theorem assume that
x,y € AC([0,T],R?) are two solutions of for initial conditions x(0) = x™* and
y(0) = y™it. Then, there exists a constant a > 0 such that for all t € [0, T]

(1.41) lz(t) = y(@) < alla™ —y™].

Thanks to Proposition the well-posedness theorems are directly applicable to the
model of non-overlapping disks (Model [1.3).

Corollary 1.33. Let S be defined as in Model [1.3|and assume F : R*N — RN is Lipschitz

continuous. Then for all X™* € R*N and any T > 0, the system

(1.42) X(t) € F(X(t) - N(S,X(t) forae te][0,T),
: X(O) — Xinit

as a unique, absolutely continuous solution X : [0,T] — R?N which depends continuously on
the initial data.
4.6. Proof of well-posedness

In this section we show the proof from [Venl1] with the only adaptation that we use the
scalarly upper semicontinuity as in the main proofs in [ET06;/ANT17]. We remark, that
in the references the more general case of time-dependent feasible sets S(t) is considered,
since we only need the result for time-independent sets, the following proof is simpler.

4.6.1. Basic tools from functional analysis. For the existence proof, we need some tools
from functional analysis, which we recall in the next section. For a general reference we
refer to [Brell;|Clal3].

We denote the Lebesgue spaces as LP([0,T],R?) for 1 < p < oo and we denote the

corresponding norms as
T ,
felly = ([ lzte)17as)

for 1 <p < ooand x : [0,7] — RY. In the case p = co we, have
|2]|co == inf{C >0 | ||x(t)|| < C forae.t < [0,T]}.
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We recall that for 1 < p < oo, the Lebesgue spaces L?([0, T], R?) are Banach spaces.

We denote the Sobolev spaces of m times differentiable functions as W™ ([0, T],R%)
where p denotes the underlying Lebesgue space.

For a general (real) Banach space X with dual space X’ and dual pairing (-,-) : X' x X —
R, a sequence (z,,)nen C X is weakly convergent to z € X if

(' 2,) — (o', x) foralla’ € X'
We then write z,, — zin X as n — oo.
A sequence (z,)nen C X' is weak* convergent to 2’ € X/, if
(], x) — (', z) forallz € X.
We denote weak* convergence as z], —* 2’ in X" as n — oc.

In the existence proof, we will use that the dual space of L'([0, 7], R¢) is L>([0, T],R%)
and that there exists an isometry L>([0, 7], R%) — L([0, T], R?).

Moreover, we need the following theorem which allows to construct a strongly conver-

gence sequence as convex combinations of elements of a weakly convergence sequence.

Lemma 1.34 (Mazur’s Lemma [Brel1, Corollary 3.8]). Let ™ —~ xbea weakly convergent
sequence in a Banach space X. Then, there exists a sequence z(™ of convex combinations

2 =N"Ay O with Al € [0, 1] and YA =1
{=n

l=n

such that

2M s x in X
We also need the following Lemma which follows from the Banach-Alaoglu theorem.

Lemma 1.35 ([Brel1| Excersice 8.2]). Let (x(™),, be a bounded sequence in W1 ([0, T], R%).
Then there exists a subsequence (™)), and some = € L>([0, T],R?) such that

™) - x in L([0,T],R%)
and

&) ~* g in L0, T],RY).
Finally, we will use the following discrete variant of the Gronwall inequality.

Theorem 1.36 (Discrete Gronwall lemma for forward differences). Given a fixed integer
n > 0, a sequence (ay)ke1,...n With aj, € R? and constants A, B, T > 0 such that

T
(1.43) lak+1 — agl| < ﬁ(A + Bllag||) foralll <k <mn,
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then,

(1.44) ak < (1 ; BT> L ((1 ~|—BT> - 1) 4
n B n

(1.45) < exp(BT) + A%

for all integers 0 < k < n.
4.6.2. The existence proof.

Proof of Theorem
Step 1.

For a fixed time interval [0, 7], we define h = L for some n > 1 and define the sequence
(k) ey iteratively via

(1.46) Ty i1 € Ps(zy + hF (xy)),
(1.47) xo = xMit,

For cases with non-unique projection, we pick ;. randomly inside the set. We will see
that for sufficiently large n all projections will be unique.

Now, we consider discrete time-steps are ¢, = kh and define the linear interpolation
function 2 € C([0,T],R%) as

t—t
(1.48) 2 (t) = @ + ( h L (41 —xp) fort € [ty tyr).

Finally, we define the piecewise constant mapping F™ : [0, 7] — R? via

(1.49) FM(t) = F(zy) = F(z™(t)) fort € [ty, trs1),1 < k < n.

Step 2. Our next goal is to show that (™) and %" are bounded. First, we show that
Hm(n)Hoo < 0.

By definition, each x); € S since it is the projection onto this set and ™ € S by
assumption.

With x4 € Pg (), we get
[@kt1 — (wp + hF ()| = dist(zi + hF (z), S)

< dist(xg, S) + h||F(x)||

where the last inequality follows from x;, € S and MF is the linear growth constant for
F from (A2).
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Hence,
k41 — @il| < |[Tpt1 — 2k — hF ()] + | F (21|

< hMp(1+ ||lzk]) + ||hF(zx)) ||

< hMp(1+ |[zk]]) + hMp(1 + [J2k])
(1.51) < 2hMp(||lzk] + 1)
where we use
Applying the discrete Grownwall inequality (Theorem yields
(1.52) |zl < Cr < oo forall0 <k <mn,

for a constant C; which only depends on 7" and MFp.

Moreover, we obtain

(1.53) ”m’““h_x’“” < 2Mp(1 4 Cp) = Oy < 0.

This implies for the piecewise linear interpolant (™ that

(1.54) 2™ <C1 and  [|&™)]o < Co.

We note that as a result, for sufficiently large n we get
(1.55) dist(xy, + hF(xy),S) < hMp(1+ ||zg||) < hMp(1+Ch) <.

Since the set S is n-prox-regular, this implies that the projections in (1.39) are unique for
sufficiently large n.

Step 3. We notice that (") satisfies the requirements of Lemma which implies
existence a function € L([0, 7],R?) such that a subsequence of (x(™)),, (which we
denote without relabeling) satisfies

(1.56) &(n) =* & in L>([0,T],RY),
(1.57) ™ = x  in L=([0,T],RY).

As the uniform limit of continuous functions on a compact interval, we even obtain
that the limit is continuous, i.e., z € C([0,T],R%). Moreover, from the embedding
L>=([0,T],R%) C LY([0,T],R?), we obtain that weak* convergence in L™ implies weak
convergence in L, i.e.,

(1.58) &™ —~ & in L'(]0,T],R%).

Using the Lipschitz continuity of F', one can show (see [Ven11, Lemma 3.6]) that
F™ — F(x(-)) inL'([0,7],R).

We now want to show that the limit x is a solution of the differential inclusion, i.e.,
(1.59) z—F(x) e —N(S,x).
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Step 4. By Mazur’s Lemma, there exists a sequence z(™ ¢ L([0, T], R%) such that

(1.60) 2 ¢ {Z Ao (gb(@ - F<f>) [ Ace[0,1st Y A= 1} :
{=n

l=n

and with
(1.61) 2" & — F(x(-)) in L'([0,T],RY) asn — co.
We denote the limit as z := & — F(x(-)).

By taking a subsequence (again, we skip relabeling), we obtain for a dense set 7 C [0, T']
the pointwise convergence

(1.62) 2M(t) = 2(t) = &(t) — F(x(t)) forallt e T asn — oc.
Step 5. The next step is to analyse the normal cones which are related to the projection

in each time step of the catch-up scheme. We assume that n is large enough such that all
projections are unique.

In this case,

(1.63) xp11 = Ps(xy + hF(xy))

with we get the following inclusion

(1.64) (zk + hF(2k)) — g1 € N(S, pt).
which leads to

(1.65) (@41 — @) — hF (x)) € =N (S, @p11).
Dividing by h yields

(1.66) &M (t) — FM(t) € —N(S,@py1) fort € (b, tpy1).

Let us denote the position of the normal cones as

P (t) = gy = ™ (tpy1) fort € [ty ths),
which allows us to state (1.66) as

2™ () — FM(t) e —N(S,p™) fort e [0,T).

Moreover, and give
|60(t) — PO @) < s,
with C3 := Cy + Mp(1 + C1). Therefore, we have
(1.67) &M (t) — FM(t) € —N(S,p™) N Be,(0) fort e [0,T].

Step 6. We now use scalarly lower semicontinuity of  — —N (S, z) N B¢, (0) to obtain
convergence of the right hand side of (1.67). Let us fix a value t € 7 and we pick an
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arbitrary test direction w € RY. Since z(™ is a convex combination of (™) — F() we
obtain

(1.68) w - z(t) < limsupw - 2 (¢)
(1.69) <limsupw - (2™ (t) — F™ (¢))
(1.70) < limsup o(—N (S, p™ (1)) N B, (0), w)

n

where o denotes the support function (see Definition [1.26). The strong convergence of
x(™ in (1.57) implies p(™ (t) — x(t). Thanks to Proposition we conclude that

(1.71) limsup o(—N (S, p™ (t)) N Be, (0), w) < o(—=N(S, 2(t)) N Be,(0), w).

n

Finally, taking the supremum over all w € R¢ we get

(1.72) o({z(t)},-) < o(=N(S,z(t)) N Be,(0), )
which implies (see (I.30))
(1.73) 2(t) € —N(S, ().

Therefore, the limit function « satisfies
(1.74) @(t) — F(x(t)) € —=N(S,z(t))
for a.e. ¢t € [0, T]. Which concludes the proof. O

4.6.3. Proof of uniqueness of solutions. In the following proof we see the role of
hypomonotonicity as a tool to prove uniqueness of solutions. We note, that we skip
in the end one technical step, as we are mainly interested in demonstrating the role of
hypomonotonicity.

Proof of Lemma Let x, y be two solutions of the differential inclusion. Since the
functions are absolutely continuous, there exists z, y defined almost everywhere such
that

Moreover, if we denote
(1.75) v(t) =
(1.76) w(t) =y(t) — F(y(t)) € —Ns(y(t)).
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Next, we use the hypomonotonicity of the normal cones to compute

2 at) - w02 < @) - 5(0) - (2(0) - y()

<~ (o(t) —w(t) - (2(t) — y(H) + (Fle(t) — Fu(1))) - (@(t) - y(1))
< POUHwO 2oy )P + L () -y

< o
Then, Grownwall’s lemma implies

t
@7 e -yl < o -y [ (s POLEROD o

For t € [0,T], one can show (see [ET05, Proof of Proposition 1]) that this integral is
bounded which implies the claim. O

5. Conclusion

We have shown that the existing theory of differential inclusions applies to a large class
of differential equations which are constrained to uniformly prox-regular sets. This
covers, in particular, the model of non-overlapping disks (Model[1.2) and the presented
theorems also cover our applications in Chapters|3|and

There are many extensions of the theory presented here. Even on uniformly prox-regular
sets, one can consider measure differential inclusions [ANT17], stochastic differential
inclusions [BV11] or second-order differential inclusions [BV12]. Besides that, there are
many equivalent reformulations which all have their own merits, as for example the
recent survey [B120] shows.






Chapter 2

First-order position based
dynamics: a simple and
fast method.

In this chapter, we introduce a variation of the position based dynamics (PBD) method
[Miil+06]. The PBD method is popular in computer graphics since it is fast, simple
and stable. It can solve contact problems in an authentic-looking way. However, it is
not a jack of all trades, since it does not converge to exact solutions of the underlying
second-order contact problems.

Position based dynamics sets itself apart from other numerical methods, by neither
computing the contact forces (force based) nor the post-collision velocities (velocity
based). Using a position based approach is a major relaxation of the precise contact rules
but it simplifies the numerics as it improves the stability of simulations.

Until 2019, the method was often dismissed as not physically correct. But the most
recent improvements showed that by fusing the projections with the force integration,
one can simulate very stiff and typically challenging problems [Mac+19]. The authors
of PBD even challenge everyone |to find a method which is can beat PBD in one of the
following categories:

accuracy,
stability,
speed or
simplicity.

1See https://matthias-research.github.io/pages/challenges/challenges.html,
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Especially for simulations with limited computational budget, the PBD method is an
attractive choice.

While PBD is very popular in computer graphics, it seems that PBD has not yet arrived
in the math community. This is no surprise since the method is not very rigorous at
resolving elastic collisions (i.e. second-order contact mechanics), however, the PBD
method is a good candidate to solve first-order differential inclusions, such as inequality
constrained gradient flows or overdamped Newton equations.

In our application in Chapters [3|and |4, we will see that the PBD method leads to several
magnitudes of runtime improvement and increases the stability of the simulations
compared to the previously used method.

In this chapter, we will first give an overview of general numerical methods for dif-
ferential inclusion, see Section [1i Then, Section [2| introduces the PBD method in its
different variants. We then show consistency of the PBD method in Section 3| and
provide numerical evidence for the convergence of the method in Section [4|

My contribution

The position based dynamics method was proposed for second-order systems [Miil+06]
and refined in [Mac+19]. I adapted position based dynamics to first-order problems and
performed numerical convergence tests. The analysis of theoretical aspects in Section 3]
is new, but relies on ideas from [Ven11] and [ETO06].

1. Numerical methods for differential inclusions

First, we will outline a few numerical methods for differential inclusions. However,
this section is not aiming to give a complete overview, especially since many methods
are very domain specific. For a recent overview of numerical methods for differential
inclusions, we refer to [KS22].

There are three main classes of numerical methods for differential inclusions. Especially
for systems with contact and collisions, a rigorous but also complex choice are event-
driven methods. These methods compute the time of the next collision, solve the system
till then and finally resolve the collisions one-by-one. For details on even-drive methods
we refer to [LN04; ABOS].

The second type are time-stepping methods, which allow several collisions to happen
during one time step and try to resolve all collisions at once by solving linear comple-
mentary problems. A typical challenge for time-stepping methods is that objects do
overlap in between calculations and if the unwanted overlap is too large it can lead
to stability issues, forcing very small time-steps in many applications. Time-stepping
methods are discussed in [Wri06; AB08; LN04; KS22]|

Finally, one can use smooth approximations of the non-smooth dynamics. An example is
the penalty method, where the overlap of colliding objects is allowed but penalised with
a repulsive force. For strong enough penalty, the solutions converge to solutions of the
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non-smooth system. For other examples of smoothing approaches, we refer to [LN04;
VCK99].

Each of these three strategies has its own advantages and disadvantages. The particular
application is often essential for the choice of the right numerical method. The most
rigorous methods are typically event-driven methods, however, these methods are very
complicated to implement and less performant for large systems.

1.1. Reference methods for first-order differential inclusions

In this section, we will introduce three methods for first-order differential inclusions.
We will later compare the PBD method against these reference methods to test the
convergence of PBD.

We aim to solve the following differential-inclusion
(2.1) e F(x)— N(S x)

where = € R? are the positions, F : RY — R? are the forces and N (S, ) is the (proximal)
normal cone of S C R? at . We notice that we neglect the damping coefficient x1 here,
e.g. the physically correct equation is & € F(x) — N(S, ) but for the development of
the numerical methods we set ;1 = 1 in the following.

We assume that the assumptions of Theorem are satisfied. In particular, we assume
that S is a closed, non-empty and 7-prox-regular set. This implies that the projection
operator Pg : R? — S is well-defined and single valued for all z with dist(z, S) < 7.

In the following sections we use At > 0 to denote size of the numerical time steps.

1.1.1. Moreau’s catch-up scheme. We have seen Moreau’s catch-up scheme [Mor99]
already in the proof of Theorem The method is defined by

Tr+1 = Pg (:l?k + AtF(.’Ek)) .

The proof of Theorem is in fact a proof of the convergence for this numerical method.
However, Moreau’s catch-up scheme is mostly of theoretical interest. In many practical
applications it is not possible to compute P fast enough.

1.1.2. Inner convex approximation. The key to obtain applicable methods is to find

efficient ways to approximate the projection onto the feasible set.

The method proposed in [Ven11]] uses the so-called inner convex approximation of a
speed-up to the projection onto S.

Let us assume S is given by M constraints functions g, : R¢ — R, such that

xelS & g(x)>0 foralll </< M.
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The convex inner approximation at « is defined as

S(x) = {y € R? | go(@) + Vage(z) - (y — ) = 0}.

This set forms a convex polytope which allows fast numerical approximation of the
projection operator Pg .., An example of the convex inner approximation is shown in

Figure|[T}

Figure 1. Example of the convex inner approximation for a set S. Notice that the
approximation depends on the point «.

The results in [Ven11; BV13] show that one can replace S with S(z) in the catch-up
scheme without loss of convergence. This motivates the following numerical method

Lpi1 = Pg(mk) (iL‘k + AtF(:Dk)) .

1.1.3. Penalty method. Both of the previous methods were non-smooth time-stepping
methods. We will now given an example for the smoothening approach, namely the penalty
method.

As in Section we assume that S is given by constraint functions gy for 1 < ¢ < M.
We define the penalty forces as

enalt vyﬁ(m) if gg(iU) < Oa
Fep (@) = {0 else

Instead of solving (2.1), we consider now the following ordinary differential equation
(ODE)

M
(2.2) @=F(z)+ey F"(x)

=1
where € > 0 is the penalty parameter which determines how strong the penalty forces
are. (We recall that we neglect the damping coefficient 1 here, which would be required
for physically correct units.)

For one might apply any numerical scheme for ODEs which makes penalty methods
very easy to implement. For ¢ — oo the dynamics converge to the non-smooth behaviour.
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However, the stiffness of these systems typically also increases dramatically for large
penalty parameters which forces small time-steps or implicit numerical methods.

2. Position based dynamics

In the following, we will introduce the original position based dynamics (PBD) method.
The PBD method was first presented in [Miil+06]] and then updated in [MMC16] and
[Mac+19]. We use the most recent variant from [Mac+19]. For a survey on PBD we refer
to [BMM17]. In addition, the webpage https://matthias-research.github.io/pages/
challenges/challenges.html shows impressive, interactive examples.

2.1. Requirements for the use of position based dynamics

The crucial assumptions for the application of PBD is that the feasible set S C R? is the

intersection of several uniformly prox-regular sets Si, ..., Sis such that
M
S=(S
j=1

is also uniformly prox-regular (see Definition|1.21). Moreover, for the sets S; we need
that the corresponding projection map

Pg, :R" — S; is computationally fast.

Typically, the sets S; represents the overlap-free states for each pair of objects, like in

Model

2.2. The original method: second-order position based dynamics
Informally speaking, PBD approximates solutions of Newton’s second law
m& = F(x)

where m is the mass, € R? are the positions and F' : R? — RY are the forces. In
addition, one imposes constraints such as

x(t) e S forallt >0

where S C R? is the feasible set.

Remark 2.1 (Well-posedness and impact laws). To obtain a well-posed problem which
combines Newton’s second law and the constraint & € S, one would need to formulate
impact laws, which determine the post-collision velocities after each collision. Such
problems are discussed in contact mechanics [Wri06]. However, a precise mathematical
formulation of second-order contact problems is very technical. While we could ask for
absolutely continuous solutions in the first-order case (Chapter I, the second-order case
needs to allow discontinuous velocities which in turn leads to measure valued solutions
and the corresponding equations are called measure differential inclusions |ABOS].
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Since we are only interested in the first-order setting, we neglect the technical aspects of
the second-order case. Instead, we just present the numerical method in the following.

Method 2.2 (Second-order position based dynamics [Mac+19]). Given a state x; € S
and v, € T'(S, ), a simpliﬁedﬂ variant of the PBD method with time step At reads

(2.3) Vpt1 = v + AtF (xp, vg),
(2.4) Tpy1 = T + Atvpyy,

(2.5) @1 =Pg, 0 0Pg (&41)
(2.6) Vpy1 = At Ny — ).

The PBD has the structure of a predictor-corrector scheme: The first part and is
the symplectic Euler method [HLW10] and the second part and is a correction
step to fix possible violations of the constraint « € S and to obtain consistent
velocities for the iteration.

The method is called position based since the projections literally shift the positions of
objects in (2.5), instead of computing post-collision velocities or contact forces.

We will comment in more detail on PBD in the first-order context, which we introduce
next.

2.3. First-order position based dynamics

We are interested in solving first-order equations with position based dynamics. The
PBD method does not require any changes, we just remove the velocity specific steps.
We note that a similar approach is presented in [Wei+17a].

For S and S; as defined in Section we aim at solving the following differential
inclusion

(2.7) &€ F(x)— N(S,x)

for forces F : R% — R4,

Method 2.3 (First-order position based dynamics). For given state x), € R, the time-
stepping of rule the first-order PBD method reads

(2.8) T4l = Tk + AtF(ask)

(29) Lk+1 = PSM 0-+0 PSl (ikJrl)'

Just like the second-order variant, this method is a predictor-corrector scheme:

e The prediction uses an explicit Euler step which ignores the constraints. This
can possibly lead to infeasible states, e.g. 1 ¢ S.

2In the original form, the projection maps P, are not available computationally, but instead, one uses a single step
of a local Gauss-Newton iteration [DR15} Section 3.3] to compute the projections Ps; .
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e For the correction, the intermediate state @ is projected with an iterative projection
onto the set 51, ..., Sir. This projection approximates P g but it can happen that
even the corrected state is not feasible, i.e zy 1 ¢ S.

Figure 2] shows an example of the PBD method.

The key feature of PBD is that the iterative projections are very fast compared to
more elaborated approximations of Pg. By using a very cheap method for the projection
step, on can use smaller time steps. This trade-off between cheap but many time-steps is
at the core of PBD.

Smaller time steps have many advantages and overall simplify also the projection steps
themselves. For example, if we consider the distance to the feasible set Pg;, then we
directly obtain
dist(&p11,5) < dist(xy, S) + At||F ()|,

which shows that for smaller time-steps the added infeasibility is at most linear in At.
As a result, the correction step has less difficult problems to solve for smaller time
steps. In addition, the force integration becomes also more accurate at the same time.
In [Mac+19], the authors show that the use of small time-steps leads to more accurate
results compared to methods which use more accurate projections but larger time steps.

+AtF(x) Ps, Ps,

Force integration Iterated projections i Next time step

Figure 2. Example of the PBD method with very large time steps: During the prediction
step, forces are integrated without any constraints. Then, possible constraint violations
are corrected by iterative projections. The iterated projection can lead to infeasible states
for the next steps. However, by choosing sufficiently small time steps the infeasibility
will also decrease. Crucially, the use of large time steps does not make the simulations
unstable, i.e. one does not experience stiffness problems like with penalty methods.

Remark 2.4 (Alternating projections). The iterated projections in (2.9) are similar to the
method of alternating projections. For two sets A, B C RY, the method of alternating
projections finds a point in the intersection A N B by iterating

zpp1 =Pa(Pp(z1)).
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Under additional assumptions, one can show local convergence of this iteration also in
non-convex cases [LLMO09].

If A, B are closed subspaces of a Hilbert space, then the corresponding iteration is called
Von Neumann'’s alternating projections [Von49, Lemma 22].

2.4. Implementation of position based dynamics

We now turn our attention tothe implementation of the PBD method for Model This
implementation is very close to our actual applications in Chapters3|and i Compared
to most other methods, the PBD does not need to compute Lagrangian multipliers or to
solve linear complementarity problems.

Example 2.5 (PBD method for non-overlapping disks). We first recall that the constraints
in Model[1.3are of the form
Sij = {xX e R*N | | X; — X;|| > 2R}

where R is the disk radius and X = (X1, ..., Xy) € R?" are the center positions of N
disks.

If two disks overlap, then the corresponding projection Pg,; is given by the following
computation

i = max(2R — || X; — Xj|,0),

_ S Xi— X,
2 X5 — Xl
- S X — X,
X, =X 42 ) 20
T 21X - Xl

In these equations, the term J;; represents the current overlap of the disks. Each disk
is shifted by half of the overlap, which is exactly the projection (with respect to the
Euclidean norm).

This leads to Algorithm [T} which simulates Model [I.3] We note that Algorithm [I]is re-
markably simple, most methods for differential inclusions (with the exception of penalty
methods) would compute Lagrangian multipliers, which requires inner iterations to
solve linear complementarity problems (for example with the projected Gauss-Seidel
method [ST96] or the projected Jacobi method [TBV12]).

Remark 2.6 (Efficient collision detection and parallelism). The main computational effort
of the PBD is the collision detection. Therefore, an efficient implementation requires
similar techniques as used in molecular dynamics and particle simulations.

For the collision detection, one can use for example the linked cell method [GKZ07]. If
the maximal number of contacts is locally bounded, then an efficient collision detection
allows an implementation of Algorithmwith linear runtime O(N) instead of O(N?).
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Algorithm 1: First-order PBD method for the non-overlapping disk model

t<+ 0
while ¢ <t do

t—t+ At

(F1,...,Fy) < F(X1,...,XnN) /* Compute forces */
foric {1,...,N} do

‘ X,; + X, + AtF; /* Prediction step */
end

forie {1,...,N} do
forje{l,...,i—1}do
0ij + || Xi — Xj|| — 2R /* Detect overlap */
if 5ij < 0 then
Xij < (X—=Xi)/(6:;4+2R)
X, +— X, — %Xij /* Fix overlap */
Xj < Xj + %lXU
end
end
end
end

Moreover, the PBD method is suitable for parallelisation [FP15; BMM17|], however
parallelism is not straightforward for PBD.

3. Theoretical aspects of first-order PBD

In this section, we prove that the PBD method is a numerically consistent method. This
alone does not prove convergence of the PBD method, but it shows that each limit of the
PBD method would be a solution.

Let us first recall the the notation of consistency for ordinary differential equations. For
a given one-step method with numerical flow xj+1 = ®a¢(xx), we say that a method is
consistent if for all z € R?

() —

(2.10) 5

— F(x) for At — 0.

We note, that this property alone does not imply convergence of the numerical method.
Consistency is rather the minimal condition each reasonable numerical method has to
satisfy. For convergence, one would need to find additional stability bounds, to ensure
that the local errors do not accumulate to a significant global error, see for example
[HNW93, Theroem 11.3.6].
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3.1. Consistency of the first-order PBD method

In the following, we show that PBD is a consistent numerical method in a particular
sense.

To generalise for numerical approximations of & € F(z) — N(S,z), we need to
choose a notation of convergence for multi-functions (or sets). Here, we will use the
notation of scalarly upper semicontinuity (see Definition[I.27). This choice is inspired by
the proof of Theorem [1.31}

For the PBD method, the numerical flow is given by
OLBP (1) = Pg,, 0 0 Pg, (x + AtF(x)).

This map describes the update for each time step, i.e. z;1 = ®PREP (x;) is equivalent to

Method

Definition 2.7 (Consistency, in a scalarly upper semicontinuous sense). Let F' : R — R?

be a bounded function. We call a one-step method with numerical flow ®x; : R? —» R%a

consistent discretisation of (2.7), if there exists a constant R > 0 such that forall z € S

we have

Opi(x) —
At

where o(K, w) = sup,cx v - w denotes the support function (Definition 1.26).

limsup o ( — F(a:),w) — o(=N(S,x) N Br(0),w) forallw e RY,

At—0

The proof of Theorem uses exactly this concept of consistency to show that Moreau’s
catch-up scheme converges to a solution of the differential equation. This motivates the
definition of consistency.

Lemma 2.8 (Consistency of first-order PBD for the non-overlapping disks model). Let
S be the set of non-overlapping disks and S; be the sets of pairwise non-overlap, as defined
Theorem For F : R? — R? bounded, i.c., | F||o < 0o, the PBD method is consistent in

the sense of Definition
Proof. Let x € S be an arbitrary feasible point.
We define the following intermediate points
po = + AtF(x),
(211) p; = PS]- (pjfl) for 1 < ] < M.
With this notation, we obtain
Par” () = par
By definition of the proximal normal cone (Definition|1.23), (2.11)) is equivalent to
pj—1—Pj € N(Sj,p;) forl<j< M.
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This shows
BPBD (1) — o M
212) AT () = py - po€ > N(S,p).
j=1

Figure 3| visualises the relation between the numerical approximation and the corre-
sponding normal cones.

Finally, we show that p; — = as At — 0. First, we notice that
[po — x| < At[|F(z)].

This shows the convergence py — x for At — 0.

N(S,xk)

N(Slfpl) + N(Sz/Pz)

J, as At — 0
N(S,x;)

—» force integration

_N (S/xk)

— iterated projections

Figure 3. Left: example of the intermediate points of the PBD method (po, p1 and p-).
Notice how the iterated projections go into directions aligned with the corresponding
normal cones, e.g p1 — po € —N(S1, p1). Right: In the limit, p; — =, we obtain that
the Minkowski sum of the corresponding normal cones converges. This is the geometric
foundation for the proof of Lemma

By induction, we show the convergence of the remaining intermediate points. We
assume that for j > 1 the following holds

Ipj—1 — | <277 At F ()|
Since x € S, we know in particular « € S}, which implies
Ipj—1 = Ps; (pj—1) || < [pj—1 — || <2 At||F(x)|

which proves the induction step

(2.13) Ip; — x|l < [[Ps, (Pj—1) — Pj—1ll + [pj—1 — =] < 2 At||F()]|.

This shows that for 1 < j < M we have p; — x as At — 0.

Moreover, (2.13) shows

< (2 + || F|| .
5 < (@ +1)|F|




58 2. First-order position based dynamics: a simple and fast method.

Using R = (2/ + 1)||F|| + 1, we obtain from (2.12) that

BPBD (1) _ o M
AT pa) e - S0 N(S;p5) 1 B(0)
j=1

Finally, Corollary proves the claim, i.e.,

(B8 )
M

< limsupo | — ZN(Sjvpj) N Br(0), w
At—0

limsup o
At—0

j=1
= o(=N(S,z) N Br(0),w) forallw e R%

4. Numerical examples

We tested the numerical convergence of PBD with numerical experiments. In our
examples, the PBD method always converges to the reference solution and we estimate
that the order of convergence is 1.

4.1. Computational of a reference solution

It is in general difficult to obtain explicit solutions for first-order differential inclusions.
While one can compute explicitly simple situations such as a stack of disks, in general
the most challenging situations arise when multiple objects slide alongside each other.
For such cases, the computation of explicit solutions is basically impossible.

Therefore, we will use Moreau’s catch-up scheme (Section to compute high ac-
curacy reference solutions. We know that the method converges in our setting (as the
proof of Theorem [I.31|shows) and by choosing a sufficiently small time step size we can
assume that the computed solution is accurate enough to serve as a reference solution.

The numerical implementation is challenging and not runtime-efficient, as there are no
ideal algorithms to compute the projection Pg for prox-regular sets S. However, we
found that the open source solver Ipopt [Lou03] is accurate enough, provided we use
very small tolerance values. (We set the relative tolerance parameter tol to 10~!! which
was much larger than the errors introduced by the time-stepping). Ipopt uses an interior
point algorithm which can handle general nonlinear constraints.

In addition, we also implemented the method based on inner convex approximations
from Section The computed solutions from this convergent method coincided with
the solutions computed with Moreau’s catch-up scheme.
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4.2. Convergence plots

We now show convergence studies for two examples.

(1) First, we consider four disks, which are all attracted to a central point. Here,
disks are sliding alongside each other until they are in a global equilibrium.

(2) Second, we consider ten disks falling into a corner with constant speed. This
situation models a crowded scenario, where multiple disks will be stacked on
top of each other at the end of the simulation.

The first experiment is presented in Figure[d] We found that the PBD method converges
to the reference solution with order 1. Interestingly, the global error decreases at the
end of the simulation, e.g. at t = 2, compared to times at which the disks are sliding

alongside each other, e.g t = 1. This shows that the PBD is able to capture the correct
equilibrium of this system.

Convergence analysis
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Figure 4. Left: Example simulation of four disks with non-overlapping constraints
and forces F(x) = —x. Right: The PBD method converges to the reference solution

computed with Moreau’s catch-up scheme (and Ipopt). We note that the PBD converges
with order 1.

Figure [5|shows the second numerical convergence study. In this setup, ten disks are
dropped to fall into a corner. At time ¢ = 1 most disks are falling and possibly sliding
alongside each other, at ¢ = 2 some disks will already be in the corner and the incoming
disks will take the free spots. Finally, at ¢ = 3 most disks will be in a stationary position.
This test case is representative of crowded situations, where disks are on top of each
other, which leads to pressure on the lower disks.

The result is again that the PBD method again converges to the reference solution with
order 1.
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Convergence analysis
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Figure 5. Left: Example simulation of ten disks with non-overlapping constraints and a
downward pointing gravity force F;(x) = (0, —1)”. In addition, the disks cannot overlap
with the two black lines forming a corner. Right: Also here, the the PBD converges to the
reference solution with order 1.

4.3. Comparison with the penalty method

A surprising comparison arises between the penalty method and the PBD method. Both
the penalty method and the PBD method are prone to produce overlap between objects
due to their inexact handling of the constraints.

The application of the penalty method depends crucially on the choice of the penalty
parameter ¢ (see Section [1.1.3). For too large penalty parameters, simulations become
unstable, but for too small penalty parameters, the constraints will be violated too
strongly. In general, it is difficult to find the optimal penalty parameter a priori, i.e.
before the simulation.

In the following, we run the penalty method multiple times with different penalty
parameters ¢ and compare only the penalty method with optimal choice of ¢ with the
PBD method.

Figure [6|shows that PBD is able to outperform the penalty method by a small margin,
even for optimal choice of the penalty parameter. This shows the the PBD method can
be used to solve the problem of unknown optimal penalty parameters.

We will observe a similar behaviour in our actual application in Chapter 3, where the
PBD is able to reproduce and outperform another method which relies on numerical
parameters for which the optimal values are unknown.

5. Conclusion

In this chapter we have presented the first-order PBD method. The key features of the
PBD are fast runtime, simple implementation and surprising numerical stability.
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Comparison of il iblility error: PBD vs. penalty method

y-coordinate

/dm(z(z),sj at

— PBD (N=3)
- - Penalty method (N=3, optimal ¢)
PBD (N=5)
Penalty method (N=5, optimal ¢)
g — PBD (N=10)
X - — — - — - - Penalty method (N=10, optimal €)
0 NN N TN ANYANANYAN AR

0 2 4 109 102 101 100
time At

Figure 6. Comparison of the infeasibility error during simulations with PBD (solid
line) and the penalty method (dashed). Note that for the penalty method on needs to
determine the penalty parameter ¢, typically this is not a trivial task.

Our numerical experiments show that the PBD method seems to converge (with order of
convergence 1) and the proof for the consistency of PBD supports this by showing that
all convergent limits of the PBD method will solve the first-order differential inclusion.

Establishing the convergence of the PBD method would be an important next step, since
PBD is a powerful method for simulating agent-based models under constraints. One of
the main benefits of PBD is also the simplicity, which allows effortless implementation
also of complex constraints.






Chapter 3

Simulation of growing
epithelial tissue with
position based dynamics

A fundamental question in developmental biology how tissues and organs are formed.
Put in the most simple terms, it is the question of how a single cell can grow into a
chicken. Epithelial cells play an important role in the early development of embryos,
where most cells are either epithelial cells or mesenchymal cells. Epithelial cells typically
form tightly connected sheets or tubes whereas mesenchymal cells are unconnected and
often operate individually [GGO0]. This interplay between organised tissue (epithelium)
and flexible cells (mesenchymal cells) makes it possible that a bunch of cells can divide
and grow into organised structures like organs or even whole beings.

Our primary aim in this thesis is to study the so-called epithelial-to-mesenchymal
transition (EMT) which will be the focus of Chapter [l As the name suggest, epithelial
cells can change their behaviour and become mesenchymal. This process is key to
development. But before we can model EMT, we need a model for the host epithelial
tissue itself.

In this chapter, we will present a model for epithelial tissue development introduced
in [Fer+19]. The model describes the growth of pseudostratified epithelium, fitting to
experimental data from the neural tube of chicken embryos, which are a common model
organism in developmental biology, see Figure

We will discuss two modifications of the existing model, which allow us to obtain the
same simulation results as in [Fer+19] but at a much lower computational cost (~ 300x
faster) and with improved numerical stability:
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A chick embryo stage HH13- (18ss) B 18ss(HH13) 3-day old (HH18) 4-day old (HH23)
48h 72h 96h

anterior 51[ 5 s20 dorsal
'

transversal sections

100pum ventral

Figure 1. Snapshots of the early stages of chick embryo growth. The tube-like tissue in
figure B is the neural tube, a (pseudostratified) epithelial tissue. Image source: Fig.
1].

e First, we replace the quasi-steady state model from with an over-
damped Newton equation. This is possible since the previously used numerical
method used damping internally and its solutions are close to solutions of a
related overdamped Newton equation.

e Second, we use the first-order PBD method which we developed in Chapter
to simulate the overdamped Newton equations.

The modifications allow us to simulate parameter ranges which were previously inac-
cessible due to numerical instability issues of the formerly used method and the faster
runtime will allow us to simulate a large number of scenarios leading to EMT.

The structure of this chapter is as follows. First, we will introduce the biological setup
in Section (I} In Section [2, we will explain the mathematical model for developing
epithelium from and we discuss the used numerical discretisation. In Section[3]
we derive the overdamped Newton equation and show that in practical applications
the new approach yields equivalent results. Finally, we show simulation examples in
Section 4

My contribution

The main reference of this chapter is [Fer+19]. My contribution is the introduction
of an equivalent overdamped Newton equation and the adaptation of position based
dynamics for this model.

1. Biological background

Before we dive into mathematical details, we want to give a rough overview of the
biological background, and the experimental model organism particularly of the chick
embryo, which is where experiments are carried out by Theveneau’s team (CNRS,
Toulouse).

1.1. General types of epithelial tissue

Epithelial tissue is one of the four basic types of tissues in the human body, together with
connective tissue, muscle tissue and nervous tissue, see Figure[2] Typically, epithelium
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acts as a boundary layer (like our skin) or in the inverted case it acts like a pipe (such as
the bladder) [Phi+12] and it functions as a protective, absorbing, filtering or secreting
layer.

Types of Tissues

Cardiac Muscle
Smooth Muscle
Skeletal Muscle

Epithelial Tissue
Internal Surfaces ———

Figure 2. The four different types of basic tissue. Image source: http://histologyguide
.com/ FIG 023, with kind permission from Todd Clark Brelje.

Structurally, epithelia are densely packed and highly organised tissues in the shape
of sheets or tubes. On the so-called basal side, the epithelium is attached to the basal
membrane via cell-matrix adhesion. Here, matrix refers to the extracellular matrix which
is a domain typically filled with fibers to which the epithelial cells can hold onto. The
opposite side is called the apical side at which the tissue is unattached, forming a apical
surface due to many cell-cell junctions. The high level of adhesion among the cells
and between cells and the basal matrix is essential for the dense, organised structure of
epithelium. An example is shown in Figure

One classifies epithelia according to the number of layers and the shape of its cells, as
shown in Figure[d] Simple epithelia have only one thin layer of cells whereas stratified
epithelia have multiple layers of cells. The cell shapes range from squamous cells (very
thin, flat plates) to cuboibal cells (round or cube-like shape) and columnar cells (elongated
cells which are higher than wide). In addition to these classifications, there are two
special types: Pseudostratified columnar epithelium (PSE) is technically a single layer
epithelium with columnar cells, however, the nuclei of the cells arrange themself in a
seemingly stratified way. The second type is transitional epithelia where cells change their
shape in response to stretching.

Examples of epithelial tissues in the human body are the outer layer of the skin which is
a stratified squamous epithelium, various types of glands, which are mostly stratified
cubical epithelia, and, for example, our taste buds have simple columnar epithelial cells.
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Figure 3. Microscopy image of pseudostratified epithelium in the upper fold of the
larynx. The nuclei are in dark purple (basophilic) ellipses. While each cell reaches from
the basal membrane to the apical surface, the nuclei are distributed on the apical-basal
axis which is characteristic of pseudostratified epithelia. The basal membrane separates
the epithelium from the underlying connective tissue. On the apical surface, we can see
the thin, hair-like cilia. Image source: http://histologyguide.com/|MH 135 Larynx, with
kind permission from Todd Clark Brelje.
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Figure 4. Examples of different types of epithelial tissue. In this thesis, we will work on
models for pseudostratified columnar epithelium (PSE). Image source: http://histolog
yguide.com/|FIG 008, with kind permission from Todd Clark Brelje.

1.2. Pseudostratified epithelium from the neural tube of the chick embryo

The experimental data for was obtained from the neural tube (NT) of the chick
embryo. The neural tube is a pseudo-stratified epithelium which grows rapidly in the
early stages of embryo development. Figure [5|shows electro-microscopy images which
zoom into a section of the neural tube.

Figure [p|show the characteristic of pseudostratified epithelium, namely the long colum-
nar cells which span from the basal side (the exterior of the tube) to the apical side
(inside of the tube). The nuclei are visible as the thicker round parts of the cell.

In the right image of Figure [l we can also see the basal extracellular matrix, which
consists of a network of fibers.
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The chick neuroepithelium was picked for this project, as it is an ideal biological model
to study epithelial-to-mesenchymal transitions [Yan+20]. However, for now, we will
focus on the situation without EMT.

Figure 5. Electromicroscopy images of a chick embryo with a crack exposing the neural
tube. Left: Overview image of the chick embryo, compare Figure Center: Close-up on
the neutral tube displaying the pseudostratified structure of the epithelium. Here, the
inside of the tube is the apical side, whereas the outside is the basal side. Right: View
on the apical layer of the epithelium. The small hair-like pins are primary cilia, which
are part of the apical signalling. Image source: unpublished, provided by Dr. Eric Theveneau
(CNRS).

Figure 6. Electromicroscopy of the neural tube. Left: Overview image. Center: Close-up
on the neutral tube displaying the pseudostratified structure of the epithelium. Note
how the epithelial cells span from the basal layer up to the apical layer. The thicker part
of each cell is the position of the nuclei. Right: Fibers of the basal matrix below the
epithelium. Image source: unpublished, provided by Dr. Eric Theveneau (CNRS).

1.3. Interkinetic nuclear movement (INM)

A characteristic of pseudostratified epithelium (PSE) is the spread of nuclei on the
apicobasal axis which form multiple layers despite their columnar cell shape. The
nuclei positions within PSE are not static but depend on the cell cycle. This coordinated
movement is called interkinetic nuclear movement (INM). It consists of an apical to basal
movement during the G1 phase, the S phase and a passive part of the G2 phase. Followed
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by a fast basal to apical displacement during the active part of the G2 phase and mitosis.
The dynamics of INM are sketched in Figure[7]

In the neuroepithelium, the driver for the basal to apical movement are the microtubules
of the cell’s cytoskeleton. (But the mechanism can also be driven by cytoskeletons with

actin-myosin filaments [Fer+19]).

One consequence of INM is that effectively all cell division occurs on the apical side of
the tissue, which has an impact on its growth, density and shape.

Interkinetic nuclear movement

INM
Y passive G2 phase v
active G2 phase
S phase ~ 30 min
| Cell cycle

\

Mitosis

~ 30 min

— G1 phase Cell division

Figure 7. Sketch of interkinetic nuclei movement (INM) during the cell cycle. For most
of the cell cycle, the nuclei will move slowly and irregularly to the basal side (black line).
Just one hour before cell division the cytoskeleton of the cell pushed the nucleus to the
apical side. During the cell division process, the nucleus gets stiffer and might take up
more space.

2. Model for growing epithelium (PSE model)

We will now describe the model from [Fer+19]. We call it the PSE model, since it
represents pseudostratified epithelium. First, we will outline the components of the
model and then we provide the mathematical details required for the implementation of
the model.
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2.1. Description of the PSE model

We consider as main mechanical components the cell nucleus, the cell’s cytoskeleton
and the points of adhesion between cells at the apical and basal layers of the tissue. We
simplify the interaction between cells by only considering contact between nuclei and
ignoring possible interaction between the rest of the cell bodies as these are relatively
slim compared to the nuclei.

The model is a quasi-steady state model: at each step a potential energy is minimised
and in between steps cell parameters will be updated to the model interkinetic nuclear
movement (INM) and discrete events, such as cell division.

Al- linear spring
(apical cell-cell
junctions)
adaptive
linear spring
(apical cytoskelton)
bending spring
(cell polarity)

hard sphere

(volume exclusion)

soft sphere

adaptive

linear spring

(basal cytoskelton)

fixed to x-axis

B . (adhesion to basal matrix)
(2

Figure 8. Overview of the model components for a single cell. The green sphere rep-
resents the cell nucleus and the adaptive springs model the cytoskeleton. The apical
network consists of linear springs connecting neighbouring points. The basal network is
a static line to which the basal points of the cells are constrained. Interkinetic nuclear
movement is modelled by changing the rest lengths of the adaptive springs.

The model incorporates the following elements (see Figure [8):

Volume exclusion and elasticity of nuclei. The mechanical pushing between nuclei
leads to the pseudostratified nature of the tissue. As such it is important to model
volume exclusion. However, the nuclei are not just rigid objects, instead, they can
deform, that allows them to squeeze through small spaces in crowded environments.
To capture the volume exclusion and the non-rigid nature, we model each nucleus as
a hard sphere with strict non-overlap conditions to other nuclei. We complement this
with repulsive forces between pairs of nuclei within a called soft sphere of each cell.

Apical cell-cell junctions. The apical side of the neural tube is at the boundary to the
central lumen. The apical side does not provide any organised structure for cells to grab
onto. Instead, the cells themselves form the apical layer of the tissue, which consists of a
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network of cell junctions with adhesive contacts. For a simple two-dimensional model
of the tissue, we simplify this structure to a line of apical points which represent the cell
position at the apical layer. These apical points are connected with linear springs to their
neighbours, which models the adhesive bonds.

Basal cell-matrix adhesion. The situation is very different at the basal layer since it
borders the basal extracellular matrix, which is filled with a dense network of fibers.
Since the cells can form cell-matrix junctions we introduce basal points which represent
the most basal part of each cell which is connected to the basal layer. Due to the dense
fibers in the extracellular matrix, we model the basal membrane as a static line with the
condition that basal points have to lie on the fixed basal line.

Cytoskeleton. The cytoskeleton regulates the position of the cell nuclei via microtubules.
We model the cytoskeleton as two linear springs that span between the basal point and
the nuclei center, and the apical point and the nuclei center. In the G1 phase, S phase
and passive G2 phase of the cell cycle, the rest lengths of these springs will change in a
way to match the current extension of the cytoskeleton.

Interkinetic nuclear movement (INM). During the active G2 phase and mitosis, the
cells will rapidly move apically. This is modelled by changing the rest lengths of the basal-
nuclei and apical-nuclei springs such that the most apical position is the equilibrium for
both springs.

Proliferation. At the end of the cell cycle, cells will divide into two daughter cells.
However, since we only model a 2D slice of the tissue, we have to account for the fact
that in the real tissue, not all daughters end up in the same 2D slice. Therefore, only in
20 % of all cell divisions a second daughter is created within the simulated 2D slice.

Since the cell nucleus becomes more rigid during mitosis, we also increase the radius of
the hard sphere during the mitosis phase.

Putting all these rules together, we obtain a model of growing epithelial tissue. The
growth is created by INM, proliferation and the combination of the right stiffness
coefficients for apical-apical junctions and cytoskeleton springs.

2.2. Mathematical model

In the following, we provide the mathematical definitions of the forces, constraints and
cell events which implement the model described in Section[2.1}

We consider a tissue with N cells where the ith cell has the apical point at position
A; € R?, the basal point at B; € R2 and the center of the nuclei is at X; € R2. We
collect all these positions for the whole tissue in the vectors X = (X,..., Xy) € R2N,
A= (A,...,Ay) € R*N and B = (By,...,By) € R?"N. Moreover, we write Z =
(A, B, X) € RS to denote all positions at once.
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Figure 9. Example simulation of the PSE model. The spheres represent the nuclei,
composed out of a transparent sphere for the soft repulsion range and a smaller sphere
for the hard center. The red lines on top represent the springs of the apical layer and
the back line on the bottom the basal layer. The springs modelling the cytoskeleton are
orange.

The model also has dynamic cell parameters which we denote as P € R3", we will

provide its definition later. The vector P contains the radii of non-overlap and the
desired rest lengths for the apical-nuclei and basal-nuclei springs.

The mechanical description of the cells is given by an potential energy
W R x R 5 R
and a set of feasible states
S c RO,
We will define both in the next sections. The forces of the system are —V zW (Z, P) with
the additional constraint that Z € S at all times.

We describe next the different components of the model in the following order.

R.2.1F cell cycle and age of cells,

modelling of the cytoskeleton,
interkinetic nuclear movement (INM),
2.2.4 apical cell junctions,

2.2.5 cell division,

forces in the system (energy terms),
227 constraints.

In Section we tie together all these components into a quasi-steady state model.

age ._ t— t?irth.

i .

2.2.1. Cell cycle and age of cells. We denote the age of acell as ¢
At the birth of each cell, the duration of the next cell cycle is randomly assigned as
@3.1) govele gy (qmin—age pmax—age)

where Tmin—age < Tmax—age denote the minimal and maximal lifespan for each cell.

Cell division happens at the end of the cell cycle, i.e., when t25° = ¢, We denote
the duration of the G2 phase as 72 and the duration of the mitosis phase as 7™,
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Figure 10. The coloured spheres are the soft spheres which also indicate the current
cell cycle. The white (or red) sphere inside is the hard sphere with non-overlapping
constraints. Interkinetic nuclear movement: In this example, the red cell has a 14 h long
cell cycle which starts at ¢t = 11 h. During the passive phase, it incrementally moves
basally. However, in the last hour, it moves rapidly to the apical layer, increases in size
and divides. Cell division: Finally, the cell divides into two offsprings. Since we only
simulate a 2D slice, only 20 % of all division yield a second offspring to keep growth
rates realistic.

Accordingly, the G2 phase of the ith cell starts when ¢28° = G2 ;= ¢¥l¢ _ G2 _ pmitosis
age __ tmitosis — t§ycle _ Tmitosis
! :

and the mitosis phase starts at ¢, ;

2.2.2. Adaptive rest lengths. The cytoskeleton is modelled with the apical-nuclei and
basal-nuclei springs. The apical and basal springs of the ith cell have adaptive rest
lengths, which we denote by 7?* € R and nP* € R. The indices ®*, ™ are used to denote
values related to the apical-nuclei and basal-nuclei springs.

The rest lengths of the cytoskeleton are dynamic and follow the differential equations

0 = =k (i — ™),
(3.3) W = —kPX (P — nP),

where the parameters k2%, k> > 0 denote the speed of adaptation to new desired rest

lengths 72", nb**.

The desired rest lengths change depending on the cell phase. During the G1 and the S
phase, the cytoskeleton of the cell will adapt to the current extension and, therefore, we
set the desired rest lengths to the current extension of the corresponding linear springs.
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We define
et = | X - Ayl - RN,
0 = |1 X = Byl - R,
8¢ < 152,

%

whenever ¢

2.2.3. Interkinetic nuclear movement. The nuclei movement during the cell cycle is
controlled by changing the desired rest lengths of the cells” cytoskeletons.

At the onset of the active G2 phase, the apical cytoskeleton contracts and the basal
cytoskeleton extends, which leads to an upward migration of the cells to prepare for cell
division. Therefore, when ¢%° > t$2, we set

ax*

; =0 pimn,
W = | A By - 2R

During the mitosis phase, the nuclei stiffen up and increase in size. We model this by
setting

(3.4) Rbard (1) .= 0.7TRM (1),
when ¢;8¢ > ¢mitosis,

The resulting dynamics are shown in Figure

2.2.4. Apical junctions. For apical junctions, we use linear springs with dynamic rest
length, similar as for the cytoskeleton. Apical junctions exists between cells which are
next to each other on the apical side of the tissue. Therefore, we define the edges of the
apical layer as a set

(3.5) A={(1,2),(2,3),....(N —1,N)}.

Each apical junction modelled as linear spring with rest length 7% where (i, j) € A are
indices of apically adjacent cells.

The rest length of the apical-apical springs changes according to
(3.6) nit = kit forall (4,7) € A,

where £** denotes the speed of adaptation.

2.2.5. Cell division. As described earlier, since we only model a 2D slice of a three-
dimensional tissue, the growth of the tissue would be too fast if cells divide at a realistic
rate. Instead of modifying the cell cycle, we consider that with a probability pdi¥ € (0,1)
both daughter cells will be part of the modelled 2D slice but in the other cases the second
daughter cell will be ‘outside’ of the simulation slice and hence no cell is added to the
simulation.

Division with two offsprings.



74 3. PSE model

Let ¢ be the time of cell division and ¢* denote the time right after the cell division. We
increase the number of cells N — N + 1 and shift the position of all cells by an offset

(3.7) AX = 0.05um <(1)) ,

and the positions of the new cells are defined as
X;(t1) = X;(t) - AX, Xni1(tT) = X;(t) + AX,
A;(tT) = A;(t) — AX, Ani1(th) = A;(t) + AX,
Bi(tJr) = Bl(t) —AX, BN+1(t+) = Bz(t) + AX.

For each offspring, a new duration for the next cell division is generated, i.e.

tl)lrth — tblrth -~ t’

N+1 —
cycle ,cycle min—age ~max—age
govele 4 ¥ele ~ u(T T ).

Moreover, we revert the mitosis-related increase of the hard radius from (3.4), i.e.
(3.8) R4 (tt) = R
where R'4 i the default size of the hard spheres in passive phase.

Finally, the apical network A will be updated, by adding the edge (i, N + 1) and by
connecting the former right apical neighbour of the ith cell with the new N + 1th cell.
Equally, the basal network B will be updated (the basal network will be defined in

Section [2.2.6).

Division with one offspring.

For cell division with only one offspring, the total number of cells stays the same and
we only generate a new duration for the upcoming cell cycle, i.e.

t?lrth — t,

cycle min—age rmax—age
govele  gy(qmin—age pmax—age)

The position vectors remain the same. But, we revert the mitosis-related change of the
hard radius as in (3.8)

2.2.6. Energy terms. The potential energy of the system is composed by the two linear
springs (apical and basal cytoskeleton), linear springs connecting adjacent apical points,
the bending spring (cell straightness) and finally the potential for pair-wise soft-repulsion
between nuclei.

We define the energy terms in their non-dimensional form as in [Fer+19].



2. Model for growing epithelium (PSE model) 75

The apical and basal linear springs have potential energy

ax

ax « SO ax

(3.9) Wi = o nax(”Xi — Aj| — RO — )2,
abx SO X

(3.10) WP (I1X; = By|| = B — )2,

i Rsoft +77bx
i

where o™, aP* are the stiffness coefficients of the apical and basal springs and Rt
denotes the radius of the soft repulsion of each cell. We recall that n*, nP* are the
(dynamic) rest lengths.

The apical-apical cell junctions are also linear springs

aa aaa aa ..
(3.11) Wit = 5o (1 4i = Aj = m*)* forall(i, j) € A,
where a** denotes the stiffness coefficient and 1?* is the rest length of the apical-apical
spring.

The most complicated part is the straightness energy term which corresponds to a
bending spring acting on the angle between the apical-nuclei and basal-nuclei axes. It is
defined as

(A; — X;) - (Bi — X;)
(3.12) Wb = gaxb < +1
|A; — X|[||B; — X

where o®® is a stiffness coefficient. The equilibrium of W corresponds to the case

when the angle between the apical-nuclei and basal-nuclei axes is 180°, i.e., if the center
of the nucleus X lies on the straight line joining the apical and the basal points (A;, B;).
If we denote the angle as

vi=4L(A; — X;,B; — X;),
then we can rewrite the energy in the following way
WP — 0@P(cos(y) + 1) = a®™P(cos(m) — cos(y — 7)),
which shows that the equilibrium is at v = 7 = 180°.

Finally, we define the energy of the soft-repulsion between cell nuclei. We then define
the repulsive energy between two nuclei as a linear spring with a cut-off

XX

. fty2 R . ft
13w [ EE (X X = 2R X - X < 2R
0 else.
Here, o** denotes the soft-repulsion stiffness between cells and we recall that R is the
soft radius which defines the disks where the repulsive forces act.
Collecting all these energy terms, we obtain the potential of the entire system

N N i—1
(314) W = Z(Vviax + Wibx + Wiaxb) + Z Wiz}a + Z Z VVZ’;X
i=1 (i,5)eA =1 j=1
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2.2.7. Constraints. We consider four kinds of constraints. First, to model volume
exclusion, which is a strict non-overlap constraint between the hard spheres of each cell,
ie.,

(C1) |X; — X;| > Rbrd + RM™ for1<i<j<N,
where R4 denotes the radius of the ith hard sphere.

The other constraints determine the shape of the basal layer. The first condition enforces
a maximal distance d™#*~P25l between two consecutive basal points, i.e.

(CZ) ”B] . BzH S dmaxfbasal’ (Z, ]) e B
where B are all edges of neighbouring basal points

(3.15) B=1{(1,2),(23),...,(N —1,N)}.

The second condition keeps all basal points on a fixed line which represents the basal
layer. We consider the basal layer to be a static straight line. Therefore, all basal points
are restricted to the static basal layer, which is exactly the z-axis, i.e.,

(C3) B; ¢ SPasal-layer . R » {0},

Additionally, all basal points have a fixed order. If we denote the z-coordinate of a basal
point as z(B;), then the condition reads:

(C4) z(Bj) —x(B;) >0, forall (z,j) € B.

Finally, we can combine all constraints (C1) to to obtain the set of feasible states as
(3.16) S = {(x,A,B) € R® | such that to are satisfied }

2.2.8. The quasi-steady state model. After collecting all components of the model, we
can now state the full quasi-steady state model from [Fer+19].

Notation. In the following we have to deal with discrete time-stepping schemes. We
will use the following convention. Lower indices refer to individual cells and upper indices
denote the current time-step. For example: X* is the kth time-step, X is the ith cell at
the kth time-step. When the time-step is not important we just write X; to denote the
position of the ith cell.

The dynamic cell parameters of the ith cell are P, = (Rhd, pax* pbx*) which are the
hard radius and the desired rest lengths of the apical-nuclei and basal-nuclei springs.
We write P = (P, ..., Py) € R3 for the collection of all these parameters.

Model 3.1 (Quasi steady-state model (QSS model)). The model as proposed in [Fer+19]
is discrete in time. The initial data consists out of the initial configuration Z0 e ROV
at tp = 0, initial rest lengths n**?, n"*0 and 1*? and initial cell parameters P°. Let
At > 0 be the discrete time increment. Given the state of the system at time ¢, = kAt, as
(2%, P*), we compute the state of the system at the next time step as follows:
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e Increase time step ¢ = t; + At.

e Perform cell division as defined in Section (This step possibly updates Z k
and P* and increases their dimensions if new cells are born.)

e Update dynamic cell parameters P* +— P*+1. This step updates the hard radii
RPard (increase during mitosis), see Section [2.2.3|and it sets the desired rest
lengths n?* n* according to the cell cycle (see Section [2.2.3).

(2
e Update adaptive rest lengths 12, nP* 72 (see Sections and [2.2.4).
e Add noise to the nuclei positions

(3.17) X XF~ Ny (0,2DAY),

where N3 (0,2DAt) denotes the 2 dimensional normal distribution with diago-
nal covariance matrix. The positions Xk + 1 € R?" are used in the next step as
initial value for the energy minimisation.

. . < k+1
e Find a local minimum close to the current state (LA*, X *

constrained minimisation problem

ZM1 ¢ argmin W(Z, PHH).
Zes

, B¥) of the following

The potential energy W incorporates the energies coming from the apical-apical,
apical-nuclei, basal-nuclei springs; the soft repulsion force between nuclei; the
straightness force between the apical-basal connection (Section . The
feasible set S enforces non-overlap of the hard disks positioned inside each
nuclei and constrain the basal points to the z-axis, see Sectionm

Remark 3.2 (Regularisation). The local minimisation in the QSS model might not be
unique in some circumstances. One might add a regularising term

ZM1 = argmin (W(Z,’Pk) +c|Z - ZkH)
ZeS
where ¢ > 0 is a constant.

However, we will later replace the QSS model with an overdamped Newtonian model
which resolves the uniqueness issues.

2.2.9. Calibration of the model parameters. In the following we collect all the model

parameters, which are exactly as in [Fer+19]. The values and units are shown in Tables
and 2l

For a detailed discussion of the parameter choices we also refer to [Fer+19]. We will just
summarise a few key points.

e The diffusion coefficient D was measured from in vivo experimental data of
individual cell trajectories.
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e Timings and distances were obtained from experimental data as well, however,
the real tissue is not a straigth line, therefore these values represent an idealised
patch of the tissue. However, by counting the number of layers that the cells
form in vivo, one can estimate values for ¢nit—apical gmax—basal Jepending on
the number of cells.

e The soft and hard radii R*°", RP*"d are used to model the fact that cells are
deformable and can adapt ellipsoidal shapes. Here, R*°" represents the longest
axis of the cell shape and R" the shortest axis.

e The stiffness coefficients are relative to each other (since the model is non-
dimensional). The parameters were fitted such that the growth of the tissue in
height and width fits to the real behaviour of the tissue.

parameter value description

Ninit 60 number of cells
pinit 50 pm initial tissue height
wmnit 40 pm initial tissue width

dmit=apical 1 66um  initial distance between apical points

dmax—basal 0 3m maximal allowed distance between basal points
pdiv 20 % probability of division with single offspring
D 2.5um?/h  diffusion coefficient

Table 1. Default model parameters used for simulations. The cell specific parameters are
given in Table

2.3. Computational methods for the PSE model

In [DEM17], the authors developed a new numerical method to solve sphere packing
problems which were applied (by the same authors) to the PSE model. The proposed
method is called the damped Arrow-Hurwicz algorithm (DAHA) and it generalises the
Arrow-Hurwicz algorithm [[Vaj60].

The essential idea is to solve a minimisation problem with constraints of the form,

(3.18) argmin W (Z)
Zes

using an augmented Lagrangian approach.

For the minimisation algorithm, the representation of the feasible set S is relevant. Let
us assume that S is defined by inequality constraint functions, i.e.

(3.19) ZeS & g(2Z)>0, foralll </< M,
where M is the total number of constraints. For example, in the setup of Section we

have M = w +2(N — 1) + N constraints.
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parameter value  description

Reoft 5um radius of soft repulsion

Rhbard 1.66 pm radius of non-overlap (during S/passive G2 phase)
RhardG2Z 0 7Rt radius of non-overlap (during active G2, mitosis phase)
pinit 7.5um  initial rest length of linear springs (cytoskeleton)
TG2 30min  duration of G2 phase

itsis 30min  duration of mitosis

Tmin—eyele 0 h minimal duration of full cell cycle

Tmax—cycle 91 h maximal duration of full cell cycle

k22 1h™! adaption speed of apical-apical spring

k2% 5h~! adaption speed of apical-nuclei spring

kbx 5h~! adaption speed of basal-nuclei spring

a® 5 stiffness of apical-apical spring

a™ 2 stiffness of apical-nuclei spring

abx 2 stiffness of basal-nuclei spring

o™ 1 stiffness of nuclei-nuclei repulsion

a?xb 15 stiffness bending spring (straightness)

Table 2. Default cell parameters for neural tube cells.

parameter value description

At 0.1h  time step (between cell events)

Table 3. Numerical parameters used for simulations.

Since the convergence rates can depend on the representation, we define g, as the
square of (C1) to (C4). The constraint (C3) might be implemented by eliminating the
y-coordinates of B; from the entire model.

The principle idea of the Uzawa-Arrow-Hurwicz algorithm [AHU5S] is to find a re-
lated dynamic system such that solutions to the minimisation problems are hopefully
attractive equilibria of the constructed dynamical system.

In the following, we will only outline the algorithms. For a more detailed exposition

of the damped Arrow-Hurwicz algorithm using the Lagrangian approach, we refer to
[DFEM17].
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The Uzawa-Arrow-Hurwicz algorithm can be derived as a nonlinear variant of the
Uzawa algorithm (see Appendix|l) applied to the saddle-point problem

3.20 inf L(Z, A
420 2l b, AB )

for the Lagrangian
M
LIZN) = W(Z)+ S Amin(0, gu(2)).
=1
Solutions of (3.20) will also be solutions of the original problem (3.18).

The key idea of the Arrow-Hurwicz algorithm is to approximate solutions of (3.20) by
solving inf z.penv L(Z, Ay,) and supyerpm L( 25, A) iteratively for fixed values Z,,41, Ay,

In the following we will use lowercase z € RSN to denote the states during the iterations of the
minimisation algorithms.

Method 3.3 (Arrow-Hurwicz algorithm). Let «, 5 be fixed parameters for the step size
of the gradient descent methods.

To find a local minimum around zg, we pick Ag := 0 € R and iterate the following
steps until convergence for n > 0

e We compute 2z, as
M

Zp4l = Zp — Oé(vzW(Zn) + Z )\évzgé(zn))'
/=1

e Using the previously compute value for 2,11, we compute A, via
)\Z,n+1 = min(07 )\Z,n - 5g€(zn+1))'

where )/ ,, denotes the /th component of X at the nth step.

For the analysis of the Arrow-Hurwicz method, one can consider the Arrow-Hurwicz
algorithm as the semi-implicit Euler method applied to the system

M
(3.21) z=—a(V.W(2) + ) AVzg(2))
=1
(3.22) 5, 0 if \y =0and gy(2z) >0
' ‘ —Bgi(z) otherwise.

The dynamical system (3.21) and (3.22) has every solution of (3.18) as an equilibrium.

As observed in [DFEM17], the direct application of the Arrow-Hurwicz algorithm does
not always converge for the problem of non-overlapping spheres. This motivated the
damped Arrow-Hurwicz algorithm (DAHA) where the dynamics from and
are modified by considering the second-order system with damping.
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Replacing (3.21) with
.. . M M
B823) Z=-cZ-a <V2W(Z) -> szzgz(z)> 7Y Mg E)Vzgi(2)
=1 =1

we obtain a different dynamical system which has also all solutions of (3.18) as equilibria.
This equation was derived by taking a time derivative of the DAHA method and then
replacing one term to remove oscillatory solutions.

A discretisation of (3.22) and (3.23) yields the damped Arrow-Hurwicz algorithm
(DAHA).

Method 3.4 (Damped Arrow-Hurwicz algorithm). Given an initial state and parameters
a, B,7, ¢, a local minimum of argmin z. ¢ W(Z) around 2o € R® is computed with the
following steps:

e Initialise z; := zgand Ao = 0 € RM,
e Iterating for n > 1 the following steps until

1
(324 o lznis = zall < ellzall

- Compute 2,11 such that

1 c
(3.25) A2 <zn+1—2zn + zn_1> = ~5Ar (Znt1 — Zn—1)
M
—« (vzw(zn) - Z AZ,nvzge(zn)>
=1
M
- (Z gﬁ(zn))\é,nvzgﬁ(zn)>
/=1

- Update the Lagrangian multipliers

)‘Z,nJrl = min(O, Af,n - ATﬁQ@('zn))'

where )\, ,, represents the /th component of A,,.

Remark 3.5. One can reduce the parameters in (3.25). For example, we can choose
without loss of generality A7 = 1.
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o Ié; ~ c AT €
value 107% 025 103 2 1 1076

Table 4. Numerical parameters for the DAHA method as used in [Fer+19].

Solving (3.25) for z;,1 yields,
1

z =
il 1+ %ATC

(an - (1- %ATC)Zn_l
M
= AP (VaW(20) = 3 AinVagilza)
/=1

M
— Ar?y ( > ge(zn)ke,nvzge(zn)n :

(=1

We observe that for ¢ = 2 the method reduces to a one-step method.

In the numerical comparison study [DFM17], the DAHA method was shown to improve
the Arrow-Hurwicz method in application to sphere packing problems. For special cases
such as N = 2 one can show that the underlying dynamical system (3.22) and (3.23)
has an attractive equilibrium which coincides with a local minimum of the constrained
minimisation problem (3.18])

2.3.1. Choice of parameters for DAHA method. The choice of parameters for the
DAHA method requires a balance between runtime and accuracy.

Especially the energy terms can lead to instabilities, since is a non-stiff time
stepping method applied to the potentially stiff system (3.23), depending on the ener-
gies. Such instabilities can lead to non-terminating conditions of the iteration since the
numerical errors in each step might be larger than the demanded accuracy.

Increasing the damping coefficient c and the time-step size At can reduce the numerical
instabilities, but it also directly increases the number of required iterations.

The simulations in [Fer+19] use parameters as in Table @ We note that the damping
coefficient c is relatively large compared to o and ~. For the particular choice, the update
rule reads simplifies to

M

(3'26) Zpn+l = Zn — OéVzW(Zn) + Z (a>\€,n - 7>\Z,ng£(zn)) vzgﬁ(z)'
/=1

We see in particular, that the Damped Arrow-Hurwicz Algorithm approaches the equi-
librium on an overdamped trajectory.

These parameters represent a compromise between runtime, stability and accuracy, as
we will see in the next section.
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2.3.2. Discussion of the stopping criterium. In the following we will show an error
estimate for DAHA which will later explain why DAHA prefers solutions which are
close the starting point.

Remark 3.6 (Error estimate for DAHA). The stopping criterium (3.24) looks very unsus-
picious, but because of the added damping, its role changes compared to the classical
Arrow-Hurwicz algorithm.

Let us consider the situation without constraints, e.g. M = 0, and with parameters as in
Table[ In this case the DAHA method reduces to a gradient decent method with fixed
step size.

Given a starting point zg € RSV, let n* € N be the index at which the stopping criterium
(3.24) is satisfied for the first time.

For parameters as in Table 4} the update rule for z,, is simply a gradient decent method

(3.27) Znt1 = zn — aV W (zy)
Inserting (3.27) into the stopping criterium (3.24) yields
VW (zne)ll _ e _ 107°
— < —=——>=0.01.
l| 0= || Ta 104

This shows that the error of the minimisation is on the scale £. We note that this does
not imply that the error of the minimisation is just 1 %. The crucial point here is that not
e = 1075 but £ = 0.01 determines the accuracy of the approximation.

3. Modification of the PSE model

In this section, we will present our modifications of the PSE model, which will improve
the runtime and stability of simulations. The principle idea is to replace the quasi-steady
state simulation by an overdamped Newton equation. Using the theory from Chapter
and the PBD method from Chapter[2} we obtain a well-posed model with a fast numerical
discretisation.

Without noise and cell events, the mechanics of the new model is
pZ e -VzW(Z)-N(S, 2)

where 1 denotes the damping coefficient and N (.S, Z) the normal cone of S at Z. When
we add noise and cell events to the model, we a PSE model related to the QSS-PSE model.
We will call this new model the first-order PSE model (FO-PSE).

The main goal of this section is to show that this new FO-PSE model gives actually
equivalent simulations results matching to simulations of the QSS-PSE model with
DAHA.

The FO-PSE model yields the following improvements:
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e Runtime: On a modern compute our implementation of the PSE model with
DAHA takes around 27 s to simulate 10 h of epithelial tissue growth. With the
FO-PSE model and the PBD method, we can bring this down to 0.08 s, which is
over 300x faster.

e Stability: In roughly every fourth situation, the DAHA solver has stability
issues which lead to non-terminating states. Given that each simulation of the
OSS-PSE model requires hunderds minimisations of non-convex problemes, it
is in general difficult to find a stuitable solver for this task and it is not clear if
the minimisation is also sometimes ill-defined. By changing to the easier and
well-posed overdamped Newton equation, we can fix these stability issues.

e Consistency with previous results: The fitting to experimental data is often one
of the crucial bottlenecks of interdisciplinary research. Therefore, we strictly
wanted to avoid any duplicated work such as re-fitting parameters to make a
new model work. With the right choice of the damping coefficient, the FO-PSE
model reproduces the results from [Fer+19]. This was also the main reason,
why we did not simply replace DAHA with another solver.

3.1. Derivation of an equivalent overdamped model

Figure|11|shows the number of iterations which DAHA during simulation of the PSE
model. For the default parameter ¢ = 1075, the number of iterations in most cases
close to n* =~ 7500. This allows us to rescale the dynamical system which DAHA
solves. Teh rescaled system serves as the main equation in our new model, replacing the
quasi-steady state approach.

Let us consider (without loss of generality) the first time step of the OSS-PSE model. We
denote the starting point of the energy minimisation as zg = Z° € R%¥.

In the following we will ignore the constraints to simplify the computation.

Taking (3.26) as a starting point, we see that the terminal state of the DAHA is the end
point of the following gradient flow problem

(3.28) d= _ —aV . W(z),
dr

for 7 € [0,n*] and where n* denotes the iteration at which the stopping criterium is
satisfied.

The next time step is therefore approximatively

(3.29) Z' ~ z(n").

1In’tel i7-9750H CPU with six cores 2.6 GHz and sufficient RAM.
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Figure 11. Number of iterations used by the DAHA method for different tolerance
parameters. The dashed lines show the average number of iterations per time step.

Since Z' represents the state at time ¢ = At, we can now match these two timescales (¢
and 7), by defining the time-scaling constant

A
0= —*t
n
and applying the transformation
. S dz B dz dr B _dz
t=or, Z2(t):=z(7), T - =0 o
which yields the system
z -
(3.30) d— =—aV,W(2)

dt
for ¢ € [0, At]. Figure[12]sketches this rescaling.

Therefore, we can approximate the transition between Z° and Z! with a continuous
system

(3.31) pZ =-VzW(Z2)

where the damping coefficient is y = g.
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Energy minimisation dz _
with DAHA dr — aVzW(z)

n* iterations

_n"
T = gt
| | | >
I I I -
t S~ 7 At t+2At
Overdamped Newton o % - — Vz w (Z)

Figure 12. Sketch of the derivation: We lift us the internal dynamics of the DAHA
method as the new equation for the FO-PSE model.

If we now assume that the number of iterations in the DAHA method is always similar
to n* = 7500, then we obtain

At 0.1
n*a 7500104
Here, the choice of n* is the median obtained from Figure We will later see that this
choice is almost optimal.

(3.32) o= = 0.1333.

3.2. The first-order PSE model

The previous section showed that than the transition Z* and Z**! uis close to the
dynamics of . The derivation was without taking constraints into account, we
therefore have to reintroduce the constraints back into the model. Here, we use di-
rectly the formalism of differential inclusions from Chapter I} This yields to following
overdamped Newton equation as a candidate for our new first-order PSE model

pZ e -VzW(Z) - N(S, 2).

Since the set S is uniformly prox-regular by Proposition we obtain from Theo-
rem and Lemma the well-posed of this equation.

In addition, we could add noise to this equation, which yields a stochastic differential
inclusion

(3.33) pdZ € —VzW(Z)dt — N(S, Z)dt + V2DdWx

where D is the diffusion coefficient and Wx denotes a Brownian motion with respect to
the X variable in Z = (A, B, X).

We define the FO-PSE model as (3.33) together the discontinuous cell events as in
Model B.1]



3. Modification of the PSE model 87

3.3. Application of position-based dynamics

We use the PBD method from Chapter 2| for the numerical discretisation of (3.33). The
PBD method is applicable, since all inequality constraints are unilateral or bilateral
constraints between either the nuclei positions (non-overlap of hard spheres (CI)) or
conditions for the basal points ( to ). All these constraints have in common, that
it is very easy to explicity compute the projection for each individual constraint.

Let us denote the feasiable states for each individual constraint as S;, e.g.
Sj = {Z|QJ(Z) ZO} forlgng

Then we have

M
S=[)5;
j=1

which is the key assumption for the application of PBD.

In the following, we will use the notation

At
ORPP(Z) = Ps, 0--- 0P, <z - MVZW(Z))
to denote one step of the PBD method. To improve the runtime, it is useful to perform
the update of parameters and cell events not in every time-step of the PBD method.
Therefore, we define the numerical parameter nsub—ster — 90 which is the number of
uninterrupted PBD steps before updating parameters and cell events. We write

sub—steps

(3.34) oPBD(Z) = (¢>§32ub_mm> (2).
This yields the following implementation of the FO-PSE model.

Method 3.7 (Numerical implementation of the FO-PSE model with PBD). We consider
the same initial setup as in Model Let At > 0 be the discrete time increment. Given
the state of the system at time ¢, = kAt, as (Zk , ’Pk), we compute the state of the system
at the next time step as follows:

e Increase time step ¢ = t;, + At.

e Perform cell division as defined in Sectionm (This step possibly updates Z*
and P* and increases their dimensions if new cells are born.)

e Update dynamic cell parameters P* + P*+1. This step updates the hard radii
Rbard (increase during mitosis), see Section [2.2.3|and it sets the desired rest
lengths n?*, n* according to the cell cycle (see Section [2.2.3).

(2

e Update adaptive rest lengths 1%, nP*, 2 (see Sections and [2.2.4).
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parameter value description
7 0.15h~! Damping coefficient
psub—steps () Substeps of the PBD method

Table 5. New parameters for the FO-PSE model. With this choice of the damping
coefficient, the simulations match with [Fer+19].

¢ Add noise to the nuclei positions
(3.35) XF_ XF~ N5 (0,2DAY),

where N3 (0, 2DAt) denotes the 2 dimensional normal distribution with diago-
nal covariance matrix.

e Apply the time stepping of the PBD method (3.34) with n*">~=5*PS many sub-
steps:

Zhtl _ ,I)PBD(;:Zk)

~k ~k k. . . .
where Z" = Z" = (A", B*, X") is the previous state with noise added to the
nuclei positions.

The new simulation approach uses exactly the same parameters as the QSS-PSE model,
with only the two additions from Table

3.4. Numerical comparison between OSS-PSE and FO-PSE model

The theoretical derivation depends on assumptions, for example, that the energy terms
dominate the system. To ensure that these approximations hold in the indented applica-
tion, we compare simulations of the OSS-PSE model with the FO-PSE model.

In the following, we compare two simulations

(1) DAHA with ¢ = 107 This is the control case which want to reproduce,

(2) PBD with p = 0.14: Theoretical prediction of the matching damping coefficient.
Before looking at the outcome, we want to report the runtime and stability differences:

¢ Runtime: PBD needed 0.08 s whereas DAHA used 28 s for the same task. This
corresponds to a 300x speed-up. The faster simulation is simply a result of
less evaluations of the energy gradient. (We note that runtime improvement is
essentially the ratio between n* = 7500 and n"P—stePs = 20).)

e Stability: In all our experiments, the PBD method did never diverge. The only
condition is that At and ns"P~5%Ps have reasonable values such that the explicit
Euler method converges. For the same conditions, the DAHA method did fail
in around every fourth simulation. In many of these situations, it is not clear
how to change the numerical parameters to ensure convergence.
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Figure 13. Comparison between the DAHA-PSE model with tolerance parameter ¢ =
107° and PBD-PSE model with damping parameter i = 0.14 and n*"P***P* = 20. The
top right figure shows the difference between the position of both simulations at time
t = 10h. For most cells, the nuclei position X; is almost the same. There are some
exceptions, with typically do not impact the overall tissue too much.

Next, we check that the solutions do actually conicide. As Figure [13| shows, both
simulations are very similar and only show differences in a few cells which do not
impact the overall behaviour of the tissue.

For a quantitative comparison, we measure the relative difference between the nuclei
positions at time ¢ = 10 h which yields

| X PAHA(10h) — XPBP(10h)||
| X PAHA(10 h)||

~ 0.06 forpu=0.14

The difference in the position is a rather strict error measure, since individual small
differences (like a cell passing another cell at some time) can have larger long-term
effects. This explains why the error is 6 % even though the tissue itself and most cells are
at identical positions in Figure

More importantly, the macroscopic quantities such as tissue height, shape and growth,
remain intact which ensures our main goal: to stay consistent with the results from
[Fer+19] in the sense that their parameter calibration applies also to the FO-PSE model.
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4. Simulation examples

We will not repeat all the findings from [Fer+19], but instead only consider one particular
aspect.

Simulation of growing epithelium
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Figure 14. Simulation of growing epithelium with the OSS-PSE model and default
parameters. We see the expected behaviour of tissue growth with accumulation of nuclei
on the apical side (red line). However, the height increase is less than reported in vivo.

One aspect from the future work section of was that the growth of the tissue
height is a bit too slow in the QSS-PSE model. Matching the experimental data turned
out difficult since the required parameters lead to stability issues. In some areas of the
neural tube the tissue doubles in height within 48 h. Figure [14)shows a simulation with
the QSS-PSE model where the height increase is less than 50 % of the initial height.

Since the FO-PSE model fixes these instabilities, we can now explore new parameter
ranges to see if we can obtain faster growth of tissue height. Among many possible
choices to modify the parameters, we restrict ourselves to choosing different values for
the damping coefficient .

In Figure 15, we show simulations with the FO-PSE model for different damping coeffi-
cients. The results show that reduced damping leads to much faster tissue growth while
still maintaining a realistic tissue structure. This shows that larger damping coefficients
would fit better to the in vivo experimental data. Figure [16| shows how the height
growths during the simulation.
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Simulation of growing epithelium
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Figure 15. Simulations of the FO-PSE model with different damping coefficients. Values
around p = 0.2 give similar results as the OSS-PSE model. We see that for small damping
coefficient the growth of the tissue is much faster, fitting better to the experiments.
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Figure 16. Tissue growth for different values of . A realistic increase within 48 h would
be a doubling, that means an increase from 8 to 16, similar to the choice ¢ = 0.025.

5. Conclusion and further directions

Most of this chapter, in particular the PSE model itself, is taken from [Fer+19]. Our
modifications extend that model by providing a faster and more stable numerical imple-
mentation with only minor changes to the simulation outcomes.
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With the new stability, we can in particular simulate the model with parameters which
give more realistic height increase of the tissue, which was one of the remaining
open tasks in [Fer+19]. In the following chapter, we will add rules for epithelial-to-
mesenchymal transitions to the model, which was also the initial modelling goal.

Other than the EMT modelling, there are further possible extensions one could consider:

e Curved basal layers: as the name suggests, the neural tube is not a straight
sheet. Therefore, it could be interesting to model curved basal layers. We did a
preliminary implementation of curved basal membranes and the model seems
to work with only minor modifications to the parameters.

e 3D modelling: probably the most common and most neglected extension for
many models in biomathematics. However, most of the rules are already
independent of the dimension. The ‘only’ remaining task is to find good rules
for cell division and construction of apical-apical springs. The difficulty here is
that for the 2D model the apical layer is a line with obvious topology. However,
for a 3D model the apical layer is a surface and it is less obvious which apical
points become neighbours after a cell divides. It could also be that the use of
‘points’ is not suitable to model the apical surface in 3D.

For both the curved basal layer and the 3D modelling preliminary implementations
exist, see for example Figure However, in both cases work remains to make these
implementations useful for application to biological questions.

Figure 17. Preliminary implementation of a 3D model. Most rules from [Fer+19] gen-
eralise directly to 3D and already the first simulations gave rise to growth of the tissue
height. However, the preliminary simulation lack a precise modelling of the apical
surface.



Chapter 4

How do epithelial-to-
mesenchymal transitions
initiate cell migration?

In this chapter, we model so-called epithelial-to-mesenchymal transitions (EMT), which
are complex cellular processes during which epithelial cells change their properties and
transform into mesenchymal cells. Contrary to epithelial cells, these new mesenchymal
cells can disassemble from the epithelium to fulfil new functions. In particular, cells
which undergo EMT can start to migrate and invade the basal membrane which leads to the
development of tumours (in the case of cancer) but is also important for morphogenesis
in animal embryos where cells have to migrate long distances to develop new organs.

Typical events that take place during the epithelial-to-mesenchymal transition are

e loss of stable cell-cell junctions,

e loss of cell adhesion with the basal membrane,

e changes in cell polarity and

e changes of cytoskeleton dynamics (e.g. leading to migration).

Our primary aim is to understand which aspects of EMT lead to basal extrusion (i.e.
cells leaving the epithelial tissue). For this task, we extend the PSE model (Chapter
and integrate EMT-specific cell events (as explained in Section 2).

An essential aspect of EMT is that the different behavioural changes that can occur
during EMT (EMT events) do not occur all at once. But instead, so-called partial EMT is
ubiquitous which means that cells might only gain some mesenchymal traits but not all.
This leads to a spectrum of intermediate cell phenotypes and heterogeneity in observed cell
behaviour, as sketched in Figure
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The epithelial to mesenchymal transition

Mesenchymal cells:

- changed orientation

- loss of cell-cell adhesion
- can escape epithelium

- migrate far distances
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Figure 1. Typical steps of the epithelial-to-mesenchymal transition (EMT). Cells undergo
various changes which leads overall to a spectrum of possible intermediate cell types
(phenotypes). Our goal is to explain which factors cause basal extrusion. For example, it
is not known if the heterogeneity of cell types is mechanically relevant for basal extrusion.

From a biological point-of-view the heterogeneity poses a significant challenge. For in
vivo experiments, precise control over specific successions of EMT events is technically
infeasible. In addition, it is unclear which EMT events are most relevant and whether
heterogeneity and the interaction among EMT cells matter. This experimental bottleneck
is the initial motivation to apply mathematical modelling.

However, using an in silico EMT model to investigate this heteroegeneity of scenarios is
challenging on its own. Since comparing many different EMT scenarios requires some
data crunching. Depending on the number of EMT cells and their heterogeneity, the
number of simulations needed for statistically reliability increases from a few dozens to
more than 10° simulations. Such extensive simulation studies are possible thanks to the
runtime improvements we discussed in Chapters[2land

Originally, it was thought that the order of events during EMT and their timing was
crucial to explain basal extrusion. In particular, we thought that there are some EMT
scenarios which mostly lead to basal extrusion and others which do not. We will see
that this statement is only partially true. We will reach the following conlusions among
others:

(1) According to the model, cell mobility is very essential for basal extrusion.
Lack thereof could even lead to apical extrusion, which occurs only in non-
physiological conditions. This could indicate that cells indeed need cell protru-
sions to escape the epithelium.
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(2) Beyond the particular EMT scenario taking place, the position of a cell at the
onset of EMT affects the rate of basal extrusion.

(3) Cells that stop internuclear movement (INM) during EMT are more often
extruded basally

These three conclusions from the simulations are being tested experimentally: Theve-
neau’s experiments, showing that EMT cells have non-apical mitosis with increased
frequency, indicates that EMT cells do indeed stop INM already before EMT.

This chapter has the following structure: First, Section [I| introduces to the biology of
EMT in the neural tube of the chick embryo. Then, we extend the PSE model from
Chapter [3with EMT-specific cell events in Section 2| Section [3|explains our approach to
analyse the simulation results. Our analysis of the EMT model is presented in Section [4}
Finally, we present experimental results corresponding to the hypotheses derived from
our modelling in Section 5]

My contribution

This chapter contains the main results of my PhD. I extended the PSE model with EMT
specific rules and implemented the model in Julia. The modelling and the analysis of
the simulation was done in close collaboration with Dr. Eric Theveneau.

1. Biological background: the neural tube of the chick embryo

Convergence Neural crest Epidermis

Neural plate
. °
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ée& @?e

Neural tube

Figure 2. Sketch of the neural tube formation during embryo development. For birds, the
neural crest cells start migrating after the neural tube is closed (fourth picture), whereas
in mammals the migration starts already prior to neural tube closure [GGOO]. In chick
embryo the closure happens first in the cephalic (head) region, then in the trunk and last
in the caudal (tail) region. The experimental data we show in this thesis will often use
this fact to capture the same tissue at different stages of EMT, by slicing different regions
of the neural tube.

During the development of chick embryos, EMT takes place after the closure of the
neural tube. The closure marks the end of the neural tube formation where the neural
plate folds and forms the neural tube, as depicted in Figure 2| Then, beural crest cells,
which undergo EMT, migrate long distances across the embryo and form various new
tissues like bones, glands, nerves or parts of our neck and head.

Along the neural tube, the way how EMT takes place differs. For example, in the cephalic
region (head) many neural crest cells undergo EMT at the same time, leading to a chaotic
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Figure 3. Panels a & ¢ show diagrams (dorsal view) of a chicken embryo at 32 hours
of development (a) and 48 hours of development (c). In panels b & d, we see the
corresponding transversal sections of the neural tube at the time of neural crest migration
(dorsal is on top). Nuclei have been stained using DAPI (blue) and neural crest cells have
been labelled by immunostaining against the Sox9 protein (green).

In the cephalic region, many cells exit the neural tube at the same time. Around 100 cells
perform EMT simultaneously at a given anteroposterior level within the cephalic domain.
Cells are produced for about 6h before EMT stops. By contrast, in the trunk, around 5 to
10 cells per anteroposterior level perform EMT simultaneously. The neural crest domain
keeps producing cells by EMT for 48h at each level in the trunk region. The most lateral
green cells are migrating away and have completed EMT several hours ago. Image source:
unpublished, provided by Dr. Eric Theveneau (CNRS).

disassembly of the epithelium. Whereas in the trunk region much less cells transform
simultaneously [TM12; AE09]. Figure 3|shows the migration in both regions. With our



1. Biological background: the neural tube of the chick embryo 97

simulations, we will consider both cases. We will look at individual EMT cells (trunk
region) and heterogeneous groups of EMT cells (cephalic region).

As highlighted in the introduction, cells show a large degree of heterogeneity in their
EMT programs. The amount of heterogeneity is so large that there is no even a precise
characterisation of mesenchymal cells [Yan+20]]. Different communities use different
traits as defining properties since neither molecular markers nor their behaviour is fully
conclusive. The role of heterogeneity is also not clear. One example of EMT are cancer
cells (carcinoal cells). Here, heterogeneity could be a survial strategy, since it increases
the adaptivity and resistance of these cells to external clues and physiological stress
[Yan+20].

Heterogeneity can also be measured by identifying different transcription factors. These
transcription factors control different steps of the transition, but not in an obvious way,
e.g. there is not one transcription factor responsible for loss of apical adhesion, but
instead many factors combine and give rise to different behaviour. Figure ] shows a
experimental evidence of EMT heterogeneity since it shows the heterogeneity of the
transcription factors.
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Figure 4. Measurements of different transcription factors (Snaul2, Pax7, Sox9, TFAP2«)
which regulate EMT. Figures b to f show the neural crest domain in an early stage
(before neurulation, i.e. before the neural crest domains merge and form the neural
tube). As visible in plot f the distribution of the transcription factors is not homogeneous.
The variation of the transcription factors leads to heterogeneous EMT. In Figure g the
fluorescence intensity is plotted against each other which demonstrated the heterogeneity.
Image source: unpublished, provided by Dr. Eric Theveneau (CNRS).
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In this chapter, we will investigate in silico the heterogeneity in EMT in the neural tube.
In the next section, we will modify the PSE model to introduce neural crest cells, which
undergo EMT.

2. Modelling of epithelial-to-mesenchymal transitions

In this section, we describe the mathematical model for EMT. In a nutshell, we model
EMT via four possible EMT events, which are

e [A]: loss of apical adhesion,

e [B]: loss of basal adhesion,

e [SI: loss of cell straightness (which models loss of polarity) and

o [P]: start of active self-propulsion (in the direction of the current cell polarity).

These events are visualised in Figure[ljand described in more detail in this section.

2.1. Description of the model

Our EMT model extends the PSE model from Chapter[3] For a detailed description of
the PSE model we refer to Section[2.1] Here, we quickly recall that in the PSE model each
cell is described by an apical point A;, a basal point B; and the position of the nucleus
X;. The apical points form an apical layer of linear springs and the basal points form the
basal layer. Among other rules, epithelial cells perform interkinetic nuclear movement
(INM) which consists of passive downward (apical-basal) movement for most of the cell
cycle and a rapid upward (basal-apical) movement shortly before the mitosis phase.

We now introduce a new cell type: the "EMT cells’, which inherit all the rules of epithelial
cells but in addition at possibly random times eacg EMT cell can perform one of the four
EMT events [A], [B], [S] or [P]. These are described in detail next:

[A] Loss of apical adhesion. When cells lose cell-cell adhesion on the apical side, then
the cell’s cytoskeleton will contract and the surrounding epithelial cells create new cell
junctions to fill the gap in the apical layer. In our model we implement these steps by
removing the apical point from the apical network, setting the desired rest length of the
apical-nuclei spring to zero and creating a new linear spring between apical points of
the adjacent epithelial cells.

[B] Loss of basal adhesion. Loss of adhesion to the basal membrane is modelled with
the same steps as in the previous case: We remove the basal point from the basal layer,
set the desired rest length of the basal-nuclei spring to zero and connect the adjacent
basal points.

[S] Loss of cell straightness (loss of polarity). Epithelial cells have an apical-basal
polarity which can get disoriented during EMT. In our model the polarity is indirectly
represented by the apical and the basal points which are at opposite sides of the nucleus
due to the bending spring. We model the loss of polarity by decreasing the stiffness of



2. Modelling of epithelial-to-mesenchymal transitions 99

the bending spring, which has the effect that the apical and basal points might not be
located on a straight line.

[P] Protrusions and active motion. The area outside the basal region of the epithelium
is called the extracellular matrix (ECM), which is full of collagen fibers. Cells can form
protrusions to implement a seek-and-grab mechanism of migration where they seek for
fibers of the ECM and then attach to pull themself forward. In the model, we utilise the
basal point to represent such cell protrusions. If the basal point is already detached from
the basal membrane, cells can protrude by moving their basal point in the direction of
the basal-nuclei spring and as soon as the basal point is below the basal layer, we set the
desired rest length of the basal-nuclei spring to zero.

Stop of interkinetic nuclear movement (INM). In addition, we also consider cases
where some EMT cells do not perform interkinetic nuclear movement (INM) from the
beginning of the simulation. Since EMT cells aim to exit the tissue basally, the inhibition
of INM can lead to cells which are positioned closer to the basal layer, possibly preparing
basal extrusion.

Heterogeneity of EMT. The timing of these four EMT events and stop of INM are the
source of heterogeneity in EMT, in particular:

e Not all EMT cells undergo all events [A], [B], [S], [P] and stop of INM.
e EMT events happen with different sequential order and at different times.
e Epithelial cells can become EMT cells in isolation or as a cluster.

2.2, Mathematical rules to model EMT
In this section, we describe mathematically the rules given in Section [2.1]

Let Z°MT © 7 = {1,..., N} denote the indices of EMT cells. All other cells Z \ Z¥M™ are
control cells which do not perform EMT. To simplify things, let us assume that the first
NEMT jndices refer to EMT cells and the remaining are used for control cells, i.e.

7 =Mt ygeentrol — g NEMTYy yNEMT L1 N

Now, let i € ZEMT be the index of an EMT cell. For each EMT cell there are four extra
parameters T4, T8, TS, TP € R U {co} which define the timings of the corresponding
EMT events [A], [B], [S] and [P]. If TiA = 00, this means that event [A] does not take
place in the ¢th cell.

2.2.1. Event [A]: Loss of apical adhesion. At time ¢t = T/*, we remove the apical point
A; from the apical network and connect the neighbours of the ith cell, i.e. we replace the
edges (j1,4) and (i, j2) with the new edge (j1, j2) in A (which is the set of edges forming
the apical layer, see (3.5)). If the cell is at the boundary, we will only remove the existing
apical edge.



100 4. EMT model

A: Loss of apical adhesion

——

Figure 5. Example for loss of apical adhesion [A] (cell in red). The apical point (small
red cross) first leaves the apical layer and the contraction of the apical-nuclei spring pulls
it towards the nuclei.

Moreover, the desired rest length of the apical-nuclei spring is set to zero, i.e.
N () = 0.

The desired apical-nuclei rest length will remain unchanged for the rest of the simulation,
in particular, the INM-specific cell event will not apply anymore for the ith cell.

2.2.2. Event [B]: Loss of basal adhesion. Attime ¢ = TiB, we remove the basal point B;
from the basal layer and connect the neighbours of the ith cell, i.e. we replace the edges
(j1,%) and (i, jo) with the new edge (ji1,j2) in B (see (3.15)). If the cell is at the boundary,
we will only remove the existing basal edge.

B: Loss of basal adhesion

t=83h t=8.6h t=89h

Figure 6. Example for loss of basal adhesion [B] (cell in red). The basal point (black
cross) detaches from the basal layer and the basal-nuclei spring contracts. Notice how
the nucleus is pulled towards the basal point during this contraction.
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Moreover, we set the desired rest length of the basal-nuclei spring to zero, i.e.

> (th) = 0.
The desired basal-nuclei rest length will remain unchanged for the rest of the simulation,
in particular, the INM-specific cell event will not apply anymore for the ith cell.

We recall, that the constraints for basal points and do only hold for vertices of
the basal network. Therefore, after the loss of basal adhesion, the basal point of the ith
cell can move freely in R

2.2.3. Event [S]: Loss of straightness. At timet = T}> we set the stiffness of the bending
spring to zero, e.g.

P () = 0.
As Figure[7]shows, this increases the ability of the cell to move sideways since the nuclei

is not restricted to be along the line that joins the apical and basal sites.

S: Loss straightness/polarity

Figure 7. Example for loss of straightness [S]. The EMT cell undergoing event [S] is in
red. Notice how the angle between the apical-nuclei and basal-nuclei springs is no longer
straight.

2.2.4. Event [P]: Protrusive activity. At the time ¢t = T} the ith cell will start to self
propel. If at this time the basal point is still attached to the basal layer, then the activation
of this rule is delayed to the time ¢t = max (7T, T®). Therefore, event [P] always happens
after event [B].

Then, we replace the dynamical rule of the detached basal point B; (given in (3.33)) with
the new law

(4.1)

B _ vt ify(Bi() > —2R"
‘ 0 else,
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where y(B;(t)) denotes the y-coordinate of the basal point. This means that the basal
point B; will move in the direction B; — X at speed v"™". The motion stops once the
basal point B; reaches a point that has distance 2R*°* from the basal layer (i.e. the full
cell must have left the tissue).

The choice of stopping the forward movement if the point is below the basal layer at
+2 R units of distance is only a convenience, as we do not model the dynamics below
the basal layer any further.

P: Protrusive activity (after loss of basal adhesion)

Figure 8. Example of protrusive activities [P]. In this case the cell first lost the basal
adhesion at ¢ = 8h (see Figure E[) The detached basal point is indicated with a black
cross and the EMT cell is in red. We note that [P] is the only EMT event which introduces
an active force that leads to extrusion.

We recall that the basal-nuclei spring leads to the force

9 abx B, — X
Fbasal—cytos _ ( B, — X;|| - Rsoft o bx) i i
Rsoft +771'3X H ? H U HBZ _XZH
where P is the rest length of the basal-nuclei spring and || B; — X;;|| — R*°" is the current
distance between the basal point and the boundary of the nuclei.

As long as the basal point is above the basal layer, this force will be zero since there is
nothing the cell can hold onto. But bnce the basal point is below the basal layer it will
grab onto the basal membrane and the cytoskeleton will pull the cell. We archive this
with the following rule

bx(t) — HXl - BlH - RSOft if y(Bz(t)) >0
o if y(B;(t)) < 0.

This equation replaces (3.3).

We note, for basal points above the basal layer, we have Fhasal—cytos — g put once B; is
below the basal layer, the cytoskeleton will contract and pull on the nuclei position X;
towards the basal point.
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2.2.5. Stop of division. We will not allow EMT cells to further proliferate to simplify
statistical evaluations. Therefore, we will use for all EMT cells the cell division rules as
in Section with the additional choice p1V—°"* = 100 %. As a result, the EMT cells

will effectively reset their cell cycle instead of performing cell division.

2.2.6. Initial configuration. In all simulations presented within this thesis, we will
choose the EMT cells to be situated in the middle of the tissue so that these are sur-
rounded by non-EMT cells, i.e. epithelial cells (neural tube cells).

2.3. Timing of EMT events: heterogeneity

To summarize, the four EMT-specific cell events are loss of apical adhesion [A], loss of
basal adhesion [B], loss of straightness [S] and protrusive activity [P]. The timing of
these events is determined by the parameters T/*, T2, T and T} . We will consider cases
in which a particular event will not occur, which we denote as 7° = oo.

The Figures[5|to[8|demonstrate all individual EMT events.

The last extension of the model is to add heterogeneity of EMT timings. Considering
different EMT timings allows us to study how EMT cells interact, compete or possibly
support each other. An example of a simulation with heterogeneous EMT timings is
shown in Figure 9}

[A] and [B], no [P] | [BP], no [A]

Figure 9. Example for heterogeneous EMT timings: all colourful cells are EMT cells, but
at this simulation snapshot, cells undergo different EMT events.

2.3.1. Implementation of heterogeneous EMT timings. To model the heterogeneity,
we pick independent uniformly randomly distributed timings for EMT. To allow the
possibility of skipping events, we define the distribution

T ~ u?O%(Tmin TmaX)
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which assigns the value T' = oo in 30 % of the cases and otherwise picks a uniformly
random value from the interval T' ~ U (T™", T™%%), e.g.

0.7(b — a)
for T™" < q < b < T™ax,
We restrict ourselves to the case that NEMT ig constant over time, which means that all

EMT cells only reset the cell cycle (Section[2.2.5)) instead of dividing with possibly two
daughters.

To model heterogeneous EMT we select i.i.d. random parameters for all four EMT timings.
For example

(42) EA’ CTZ*B, TiS’ CTZ'P ~ u70 % (Tmin’ Tmax) for Z G IEMT.

We note that the protrusive activity is only active after the loss of basal adhesion, which
effectively implies TiB < TiP . In situations where this is relevant, we will ensure that this
doesn’t lead to unwanted statistical dependence.

The particular choice of 70 % ensures that the number of one-step, two-step and three-
step EMT events is roughly proportional to the number of possible combinations of EMT
events. Due to lack of data, we could not determine this parameter more accurately.

All simulations in this thesis will use 7™ = 6h and 7™% = 24 h.

For notational convenience, we might collect all these EMT timings into one vector
T = (Ty, ..., Tyenr) € (RU {oo})H)™" such that

T; = (EA72B7ES>TZ'P) fori ¢ IEMT.

In addition, we might also vary which cells perform interkinetic nuclear migration
(INM). Here we will decide for each EMT cell if INM is active or not. In the simulation
results presented in Section 4.5 we used 50 % probability of active INM for each cell.

3. Methods to analyse the simulation

Before we will present the results of our simulations, we will collect the biological
questions and show which quantities we can compute with the model to answer these
questions.

3.1. Translation of biological questions in terms of the EMT model

Abstractly speaking, we are interested in how the rate of apical and basal extrusion de-
pends on the parameters which control the behaviour of EMT cells. In particular, which
EMT scenarios, i.e., which sequences of events and their timings lead more frequently to
cell extrusion from the tissue.

To analyse the ‘efficiency’ of EMT scenarios leading to basal extrusion, we will consider
three metrics, which are:
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e Ratio of basal extrusion (r°221=ext") ‘which is the fraction of EMT cells for
which the nuclei center is below the basal layer.

e We measure the ratio of basal positioning (r°*#1-P%) j.e., is the ratio of cells
with nuclei below the lowest epithelial (non-EMT) cell’s nuclei.

e Finally, the ratio of apical extrusion (repical—extry i the fraction of cells above
the apical surface.

We will provide precise mathematical definitions and how to compute them later in this
section.

The ratio of basal extrusion is the key outcome we are interested in, and the most effective
EMT scenario would be the one with the highest rate of basal extrusion. Since we do
not model the basal membrane itself, we introduced basal positioning as an alternative
measure which gives information on the relative position of the EMT cells compared to
the remaining tissue.

On the other hand, the ratio of apical extrusion should be as low as possible since apical
extrusion does not occur in physiological situations. We will discuss this aspect in more
detail in the result section Section 5]

In the following list, we reformulate the biological questions we are interested to investi-
gate by expressing them in relation to the model parameters.

¢ (Q1) Group efficiency: Are individual EMT cells more effective compared to
groups of EMT cells? We note that both settings occur in the neural tube, e.g.
isolated EMT in the trunk region and collective EMT in the cephalic region.

- With our simulations, we compare individual cells (N*MT = 1) and group
of EMT cells (with the choice NFMT = 10).

e (Q2) Selection of EMT events: Is basal extrusion possible without the im-
plementation of all EMT events? Which EMT events have to occur for basal
extrusion to happen?

— We represent inactive EMT events by an infinite starting time. The number
of possible combinations is quite large. With four EMT events ([A], [B], [S]
and [P]) and the restriction that [P] occurs after [B], we get 23 + 22 = 12
possible selections of active EMT events.

¢ (Q3) Timing of onset of EMT: Are early EMT events more efficient?

— The timing of onset of EMT in the model is the minimum of TA TB TS and
TP,

e (Q4) Order of EMT events: Are there specific sequential orders of EMT events
which lead to more basal extrusion?
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— There are 29 possible orderings of the EMT events, for example [AB], [BA],
[AS], [SA], ....[]

¢ (Q5) Group efficiency of heterogeneous EMT: Is it an advantage if a group of
EMT cells has all the same timings, or is a mixture of timings better?

— To model heterogeneous EMT, we will use randomised timings. We com-
pare this to groups of EMT cells with homogeneous EMT timings, i.e. where
all cells perform the EMT events simultaneously.

e (Q6) Effect of interkinetic nuclear movement (INM): Are EMT cells without
INM more effective than EMT cells with INM?

— To deactivate INM for EMT cells, we do not apply the cell events from
Chapter 3| Section for these cells. (However, the epithelial cells will
still perform INM.)

During the analysis of the simulation results, it became apparent that not only the EMT
events themself but also the environment of the cells which undergo EMT is essential.
The environment of an EMT cell consists of the host tissue, the current location of the
cell within the tissue and the location of the cell relative to other EMT cells. To capture
also these contributions, we will consider the following factors and their effect on basal
extrusion:

¢ (Q7) Distance to basal layer at onset of EMT: Does the position of an EMT cell
at the start of EMT events impact the outcome? For example, are cells closer to
the basal layer more likely to escape the tissue successfully?

¢ (Q8) Amount of other EMT cells with protrusive activity [P]: We will see that
protrusive activity is very effective in ensuring the basal exit of EMT cells. This
raises the question of how other EMT cells are affected by the presence of many
EMT cells with protrusive activity.

In summary, we have eight questions which we want to explore with our mathematical
model. In the next section, we will describe how we organise the simulations to draw
conclusions from the model.

3.2. Simulation approach

The key challenge in analysing the simulation results is the vast number of possible input
parameters. Large parameter spaces are often mainly a runtime concern as parameter
optimisation takes longer. However, we are not just interested in finding the most
effective EMT events. Instead, our goal is to gain a global understanding of the mechanics

1We have to consider P has only an effect when occurring after B. Plain counting yields:
3% one-step EMT: A, B, S.
7x two-step EMT: AB, AS, BA, BS, BP, SA, SB.
10x three-step EMT: ABS, ABP, ASB, BAS, BAP, BSA, BSP, BPA, BPS, SAB, SBA, SBP.
9x four-step EMT: ABSP, ABPS, ASBP, BASP, BAPS, BSAP, BSPA, BPAS, BPSA.
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of the model. In other words, we want to find the key factors which determine the
outcome rather than finding just one optimal value for all parameters.

To identify the key factors leading to cell extrusion, we will essentially try to compute
approximatively the correspondance between

‘EMT parameters’ — ‘expected number of basally extruded cells’.

For homogeneous EMT simulations, the amount of parameters is small enough that we
can just run sufficiently many simulations and compare the outputs manually.

This changes for heterogeneous EMT, where the number of EMT parameters is too
large for a one-to-one comparison. Therefore we used ensemble simulations and some
statistics to compute from the output of thousands of simulations what the expected
amount of basal extrusion is for given EMT scenarios.

For this task, we use the following steps:

e Step 1 (Ensemble simulation): Simulate the tissue with randomised EMT
parameters n"°P times. For each simulation, we individually store information
about the EMT outcome for each EMT cell. This yields a dataset of samples
which associate EMT parameters and their outcome (per cell).

e Step 2 (EMT categories): Partition the space of EMT parameters into discrete
categories. One category could be, for example “all EMT cells with INM, loss of
apical adhesion between 6 h and 9 h and no other EMT events’. Our aim is then
to compare these different EMT categories.

e Step 3 (Compute extrusion ratios): With the categorised dataset from step 2,
we can compute how many cells did escape basally for each category. Dividing
this number by the total number of cells per category gives the ratio of basal
extrusion per EMT category. These ratios provide a convenient parameter
to rank the individual EMT categories. We also compute the ratio of apical
extrusion in the same way.

These three steps are our primary approach to getting a global picture of the model and
identifying the key factors leading to basal extrusion. We can focus on different aspects
of the model by choosing different categorisations (e.g. more sparse or detailed ones).

The steps outlined essentially sample the conditional expectation of basal extrusion for
given EMT timings. We will define the precise mathematical definition of the extrusion
ratios in Section [3.3.3

3.3. Extrusion metrics and analysis of heterogeneity

Notation. We recall that every single simulation gives us an approximation of Z(t,w) =
(X(t,w), A(t,w), B(t,w)) which are samples of the random trajectories solving (3.33). To
make explicit that we draw particular samples of these random trajectories, we keep the
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variable w in the notation. Otherwise we will neglect w and write Z(t¢), which we then
consider as random variables.

We also want to refer to y coordinates conveniently. Since indices already serve multiple
roles, we will use the projection maps instead, i.e. we recall the definition

y:R? 5 R: (a,b) — b.
With this notation, y(X;) is the y coordinate of the ith nuclei center.

The last notation we need is that of a line connecting two points a, b € R2, which we
denote as

ab:={\a+(1-\b]|Xe[0,1]}.

3.3.1. Computing the number of apical and basal extrusions. The three most important
quantities for our analysis of EMT are the numbers of apically extruded cells, basally
extruded cells and the number of EMT cells below the epithelial cells.

These quantities are related to their biological counterpart, and it is natural to introduce
the apical-basal scale (AB scale) which is also used in experimental data. The apical-basal
scale is zero at the basal layer and one at the apical layer. It allows us to compare the
relative positions of cell nuclei independent of the current development stage. In the
EMT model, not all cells have their apical point on the apical layer. To define the AB
scale, we will therefore use the projection of the nuclei onto the apical layer as a reference
point.

For a fixed time ¢ € [0, 7] we define the apical layer L 4(;) as the path of lines which
passes through all points A;(t), i.e.

Lan= |J A®A®
(1,5)€A(t)

where A(t) are the edges of the current apical network. For each nuclei center X; we can
compute the closest point on the apical layer as A!*(¢) := P, A (Xi) where P denotes
the projection operator onto L 4(;). Since the basal layer is fixed at the z-axis, we can
define the position of a cell on the AB scale as

o y(Xu(?)
y B (X(t) = J(AS(1))

For later use, we define the following indicator functions:
4.3)
5})asalfextr (t) — {1 if yAB(Xi (t>)) < 07

0 else

1if AP (X5(t))) > 1,
0 else.

7 6iapicalfextr(t) — {

These indicator functions tell if the ith cell is below or above the tissue respectively.
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The identicator function for EMT cells to be below the epithelial cells is:
5basal—pos (t) — 1 if yAB (XZ (t))) < minjEIC‘m“Ol yAB (XJ (t))
! 0 else.

We define the following values, which count how many cells are above, between and
below the apical or basal layer:

4.4) Nbasalfextr@) — Z 5;t>asal—extr(t)7
i€ZEMT

(4.5) Napical—extr(t) — Z 5?pica17extr(t)’
J€TEMT

(4.6) Nbasalfposu) — Z 6Zl‘)asal—p05(t)‘
i€TEMT

Since each simulation is subject to noise and random event times, all these numbers are
random variables.

Overall, we are interested in the average behaviour of EMT cells, for example, by
computing the ratio of extruded cells

P (8) = ﬁﬂi IN*(¢)]

where * is a placeholder for ‘basal-extr’, ‘apical-extr” or ‘basal-pos’.

Given n'*P many simulations we approximate R* by the sample mean
1 nrep
(4.7) ri(t) = ep VEMT > N*(t,w),
=1
where wy € (2 denotes the different outcomes for 1 < ¢ < n'*P and * is again a placeholder
for ‘basal-extr’, “apical-extr” or ‘basal-pos’.

3.3.2. Basal positioning at the onset of EMT. For an EMT cell with indexi € ZFMT
we define the basal positioning at the onset of EMT as

(+8) HENT = AP X(TNT)),

where TFMT is the minimum of 7, T2 and 77.

3.3.3. Estimation of extrusion ratios for heterogeneous EMT. As described in Sec-
tion[3.2] we want to evaluate how efficient an individual EMT cell is when surrounded
by other EMT cells with heterogeneous timings. This question arises in Q2, Q3, Q4 and
Q8. To obtain a quantity which allows us to compare various EMT timings in the hetero-
geneous case, we will compute conditional expectations for the number of extrusions of
a particular cell given its EMT timings. This section provides the mathematical details
behind the steps outlined in Section[3.2]
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In the following, we continue with the setup from Section where all EMT timings
are i.i.d. random variables as defined in (4.2).

The setup is slightly technical since there are now two sources of randomness:

e Noise in the simulation: The initial positions are random, and there is additive
noise on the nuclei positions (3.33)).

e Random EMT parameters: Due to heterogeneity, the EMT timings 7 are also
random.

We will first discretise the continuous parameter space for timings to analyse how the
EMT timings influence extrusion. That means we will consider a partition of the space
of possible values for T; into n + 1 many subsets

4NEMT

Di,...,D,p C (R* U {o0})
We call these sets EMT categories since they partition the space of EMT timings.

To compare if one EMT category is more efficient than another, we will compute the
following conditional expectations

P[67(t) and T; € Dy]
P [7; S Dk]
where * is a placeholder for ‘apical-extr’, ‘basal-extr” and ‘basal-pos’ (see Section 3.3.1).

These values predict for the ith cell how much basal extrusion one can expect in average
if the cell’s EMT timings are in the kth EMT category.

(4.9) E[0;(t) | T: € D] =

Since there might be a difference depending on the location of a cell within the group of
EMT cells, we define the ratio of basal extrusion for the EMT category Dy, as the average

(4.10) r*(Dy,) : NEMT > E[S(t) | Ti € Dil,

i€TEMT

where * is again a place-holder for ‘basal-extr’, “basal-pos” and “apical-extr’.

This approach to sample these conditional expectations is an inverse transform sampling
for the conditional probabilities. There are more sophisticated statistical methods for this
kind of problem, for example, accept-rejection algorithms used in Monte-Carlo methods,
see [MNR12]. However, these methods do not fit the way we obtain the data.

To obtain an estimation for the conditional expectation, we notice that we can rewrite

@9 as

(4.11) E[5}(t) | T; € Dy] = E 67 (1) 1p, (T3)]

E[1p, (T3)]

where 1 p, is the indicator function which is 1 at Dy, and zero elsewhere.



3. Methods to analyse the simulation 111

This motivates the estimation
nrep

(4.12) E[5:(t) | T; € Dy ~ D i1 i’:e(pt ,we)1p, (Ti(w))

=1 1, (Ti(we))
where wy € () represent N"P many outcomes.

Y

For the statistical accuracy of (4.12) it is relevant that the samples cover all EMT categories
equally. One way to ensure that is to pick partitions such that P [D] =~ P[Ds] = - - - =
P[D,p] = n%, then, we get that the average number of samples per EMT category is

nrep nrep rep
n
E Z]le(Ti ] Z]P’ i(we) € Dy ~ 5

That means, on average, we have "5 o samples for each EMT category.

In our application, we typically had numbers of nP € [10, 500] and therefore, we used
n*P € [10%,5 - 10°] to ensure that we have around 103 simulations to rate each EMT
category.

Remark 4.1 (Easy interpretation). The precise mathematical framework might obliviate
that (4.12) is a very intuitive value which can also be motivated without much math.

Essentially, we compute
A = Number of basally extruded cells with EMT timings of category k,
B := Number of cells with EMT timings of category &

which then gives

A
Expected ratio of basally extruded cells in category k = B
3.3.4. Relation between basal extrusion and basal positioning at the onset of EMT.
Finally, we will also compute conditional expectations in a more general setup to estimate
for example, how the basal positioning at the onset of EMT h?MT might influence
the extrusion rates.

The situation is completely analogous to (4.12): We will use the partition

(0,1/nP] U (1P, 2/nP] U - - - U (n°=1/nP, 1] U Dy =10,1]

and we compute the expectation of basal extrusion under the condition that h*MT € Dy
with the same sampling approach as before

nrep

E 5basa1 extr(tend) ’ hEMT € Dy ZE 1 5*(t wﬁ)]le (h?MT(w@))
nrep EMT
=1 1D, (A" (we))

for n"°P many outcomes wy € €.
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4. Modelling results

This section presents our simulation results. Please note that the conclusions drawn are
qualitative rather than quantitative predictions. Intentionally, we did not fite the model
to real data. Instead, we use it as a framework to explore a variety of scenarios. This
exploration leads to various biological hypotheses, which we will discuss in Section [5}

Specifically, the model will be used to investigate the questions posed in Section
which we recall next:

¢ (Q1) Group efficiency: Are groups of EMT cells (such as in the cephalic region)
extruded more frequently than isolated EMT cells (as in the trunk region)?

¢ (Q2) Selection of EMT events: Is basal extrusion possible without of all possible
EMT events? Or, more generally, Which EMT events have to occur for basal
extrusion?

¢ (Q3) Timing of onset of EMT: Are early EMT events more efficient in producing
cell extrusion?

¢ (Q4) Order of EMT events: Are there specific sequential orders of EMT events
which lead to more basal extrusion?

¢ (Q5) Group efficiency of heterogeneous EMT: Is it an advantage if a group of
EMT cells has all the same timings or is a mixture of timings better?

e (Qo6) Effect of interkinetic nuclear movement (INM): Are EMT cells without
INM extruded more frequently than EMT cells with INM?

¢ (Q?7) Basal positioning at the onset of EMT: Does the position of an EMT cell
at the start of EMT events impact its rate of extrusion?

¢ (Q8) Competition: Do other EMT cells with very effective EMT programs
decrease the efficiency of non-effective EMT programs?

Notation. We recall that we use [A], [B], [S] and [P] to refer to the EMT events loss of
apical adhesion, loss of basal adhesion, loss of straightness and protrusive activity, respectively.

We combine these notations to refer to a specific order of events. For example, the EMT
events [AB] are all possible timings with 74 < TP and 75 = T = .

Strategy. Our point-of-departure is the simplest EMT scenario, and we will increase
the complexity step-by-step: First, we will consider an individual EMT cell that only
performs one EMT event (Sections .1 and [4.2), then we increase the complexity and
consider multiple EMT events (Section[4.3). The next step is to compare individual EMT
cells with homogeneous groups (i.e. groups of cells performaing the same EMT scenario)
in Section[4.4} Finally, Section 4.5 will look at heterogeneous EMT timings. The summary
of results is given in Section
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4.1. Isolated cell and single EMT event

In our most elemental setup, we will compare how the different EMT timings impact
the extrusion rate for a single, isolated EMT cell. Isolated cells might occur in the trunk
region of the neural tube, as shown in Figure

In Figure we plot the results of n"P = 400 simulations for the EMT events [A], [B],
[S] and [BP]. For active protrusions, cells need to detach from the basal layer first, that
is why we include [BP] here already. We sample the extrusion rates according to ([#.7).
All simulations use the default parameters from Tables 1| to 3| (from Chapter [3) with the
modifications from Table

NEMT IN\M 7P 74 7B TS

[A] 1 100% oo 12h oo oo
[Bl 1 100% oo oo 12h oo
[SI 1 100% oo oo oo 12h
[BP] 1 100% 24h oo 12h oo

Table 1. EMT-specific parameters for the simulations in Figure (individual cells and
single-step EMT). Here, the timing is fixed (not random).

[A]at 12h [B] at 12h [S] at 12h

B] at 12h and [P] at 241
-100% -100% , 1005 [Blatizhand Plat2dh 00
-90% : -90% : -90% : -90%
-80% ! -80% i ~80% -80%
-70% ! -70% E -70% -70%
-60% : -60% : -60% -60%
-50% -50% _50% ~50%
-140% -40% -40% -40%
~30% ~30% -30% -30%
20% ; -20% ; -20% -20%
10% : -10% 5 -10% 10%

-0% 0% 0% -0%

Oh 12h 24h 36h 48h Oh 12h 24h 36h 48h Oh 12h 24h 36h 48h Oh 12h 24h 36h 48h

| [l basal extrusion basal positioning [l apical extrusion (displayed on top) ‘

Figure 10. Average extrusion ratio from n"? = 400 simulations. The yellow color shows
the ratio of EMT cells below all epithelial cells, i.e. cells in basal positioning. In the first
three plots, only one EMT event is active. After loss of apical adhesion [A], cells will leave
the center of the tissue and possibly escape apically (30 %) or basally (10 %). For loss of
basal adhesion [B] and loss of straightness [S], cells remain mostly between the control cells.
With protrusive activity [P] (fourth graph), cells will almost always exit basally.

We see in Figure 10| that the individual EMT events lead to very different results. In the
following, we observe that

(1) [P] almost guaranties basal extrusion
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(2) [A] drives cells out of the tissue, mostly basally.
(3) Apical extrusion can also happen.

We give more details on these observations next.

4.1.1. Observation: [P] almost guaranties basal extrusion. Protrusive activities [P] are
the only EMT event which introduces an active force pulling cells towards the basal layer.
This makes [P] extremely effective compared to all other EMT events.

We could stop here and conclude that [P] is the critical factor leading to basal extrusion.
However, it is not known if cells escape the epithelium via self-protrusions. Therefore,
we will not ignore the other EMT events right away and instead we will try to find other
mechanisms that could lead to basal extrusion.

In the following, we will differentiate between active extrusion and passive extrusion. With
our model, active extrusion only occurs with [P], and all other cases are passive since they
do not lead to forces which pull the cell basally.

We also note that with the EMT event [BP], a small number of cells exit apically. We
recall that cells perform the seek-and-grab mechanism in the direction of B; — X;, which
represents the cell polarity. Since cells with EMT events [BP] will first lose basal adhesion,
the polarity of cells can point apically, in which case these cells may never be able to
grab onto the basal matrix to pull.

4.1.2. Observation: [A] drives cells out of the tissue, mostly basally. Most surprising
are probably the high rates of extrusion caused by [A]. At the end of the simulations,
there is only a 10 % likelihood that an EMT cell is neither apically extruded nor below all
epithelial cells at the end of the simulation. In Figure (11} we see two typical simulations
of the [A] scenario where cells are pushed away from the tissue center.

While there is more apical extrusion than basal extrusion, it is interesting that in 60 %
of the cases, the loss of apical adhesion pushes cells basally. It is because of interkinetic
nuclear movement (INM): INM leads to a passive apical-basal movement of all cells which
are not close to mitosis. Normally the rapid basal-apical movement before mitosis brings
cells back to the apical layer, but cells without apical adhesion do not perform the rapid
basal-apical movement. Therefore these cells only experience the passive apical-basal
movement.

We see that [A], in combination with INM, leads to cells which move passively towards
the basal side and might fail to reach the apical layer at mitosis. This leads to a slow but
overall basally directed trend after [A].

4.1.3. Observation: Apical extrusion can happen as well. Our simulations show that
the EMT scenarios [A] and [B] also lead to apical extrusion. Apical extrusion does
normally not occur in experiments. However, in vivo studies show that apical extrusion
can happen under altered conditions. After apical extrusion, cells are in the lumen,
where they die rather quickly and get flushed out of the body [NT98, Fig. 5c].
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Loss of apical adhesion [A] after 15h
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Figure 11. Examples for the EMT event [A]. Here, the top and bottom row show

cells

which perform [A] after 15 h. Top: The EMT cell (in red) is located basally at the onset
of EMT at time ¢ = 16 h. The nucleous moves apically, since the apical-nuclei spring
contracts after [A] which pulls the nuclei towards the apical point, see Section f.3.2
However, by the end of the simulations at ¢ = 32 h the cell has moved towards the basal
side due to the pushing of the other cells. Bottom: Here, the EMT is part of the top layer
of the tissue. Once [A] is active, the cell can escape apically when pushed by the other

cells.

3210123 3 -2 - 32101 2 3

The occurance of apical extrusion in the model is interesting, because the discrepancy
with experimental data under physiological conditions raises biological questions. It
could indicate that cells need protrusive activities to avoid apical extrusion, or that there
is another strategy cells emply which we have not considered in the model. We will

discuss the relation with experimental results in Section

4.2. Isolated cell with single EMT event and without INM

We already saw in Section that INM interacts with the different EMT events. In the
next simulations, we will use the same setup as in Section .1 with the only change that

the EMT cell does not perform INM.

The changes are quite substantial as we see in Figure (12| In particular, we can observe

that
(1) Stopped INM leads to more basal and less apical extrusion.

(2) [S]is mostly irrelevant.
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NEMT INM 7P 74 TB T8

[A] no INM 1 0% oo 12h oo
[B] no INM 1 0% o0 oo 12h o©
[S] no INM 1 0% o0 oo oo 12h
‘no EMT & no INM’ 1 0% o0 oo oo oo

Table 2. EMT-specific parameters for the simulations in Figurewithout INM. Notice
that only the EMT cell stops INM. Nonetheless, all other epithelial cells will perform

INM.
[A] at 12h [B] at 12h [S] at 12h no EMT
. no INM 100% . no INM - 100% . no INM -100% no INM 100%
- -90% -90% -90% -90%
-80% -80% -80% -80%
| -70% -70% -70% -70%
-60% : : -60% -60%
-50% -50% -50%
~40% - 40% ~40%
~30% -30% ~30%
-20% -20% -20%
-10% -10% -10%
Oh 12h 24h 36h 48h Oh 12h 24h 36h 48h Oh 12h 24h 36h 48h Oh 12h 24h 36h 48h

‘ [l basal extrusion basal positioning [Ji] apical extrusion (displayed on top) ‘

Figure 12. If the isolated EMT does not perform INM, the affect of the EMT events
changes. Suddenly, [B] leads to much more basal extrusion compared to [A]. In the
simulations with INM it was the other way around. The third and fourth graphs show
that the basal positioning increases even for EMT cells which only stop INM but do not
perform any event or only perform [S]. ([P] is not displayed, but the situation is similar

to Figure[10))

We detail these observations next.

4.2.1. Observation: Stopped INM leads to more basal and less apical extrusion. In
Figure|13| we compare the extrusion rates with and without INM from Figures [10|and
We notice that the ratio of basal extrusion increased for [A] and [B]. For [A] it went from
10 % to 20 % and for [B] it jumped from 0 % to 70 %.

This highlights the relevance of INM for the extrusion rates. Which is a trend we will
also observe for groups of EMT cells: The epithelial cells with INM create a slow basally
directed stream which causes cells without INM to drift and stay on the basal side. If a cell in a
basal position loses its basal adhesion [B], then chances are high that it will exit basally.

4.2.2. Observation: [S] is mostly irrelevant. One takeaway from Figure [12)is that cells
which lose straightness [S] still behave essentially like epithelial cells (control cells) in
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the model. To simplify the further plots and limit the number of possible combinations
of EMT events, we will ignore [S] from now on.

Isolated cell — single EMT step

- - —
u =

60%-

50%-

40%-

30%-

20%-

10%- -l
0% T T

Kk SR
Ly S

extrusion ratio

| [l basal extrusion basal positioning [J] apical extrusion (from top) ‘

Figure 13. Summary of extrusion ratios at the end of simulations with an isolated cell
and single EMT event. The most impactful factor is clearly [P], leading to active basal
extrusion. Among the passive basal extrusion, scenarios without INM lead to more basal
extrusion than their counterparts with INM. This is most prominent for [B], which is
much more efficient without INM.

4.3. Isolated cell and multiple EMT events

Next, we study if combinations and timings of EMT events impact the number of ex-
truded cells. From the previous observation, we can already draw that [P] will dominate
each other event (which is also confirmed later in Figure15) and [S] is irrelevant. This
allows us to focus only on different timings for [A] and [B].

NEMT INM 7P 1A TB TS

[AXB] 1 100% oo 6h 24h oo
[AB] 1 100% oo 15h 15h oo
[BXA] 1 100% oo 24h 6h oo

Table 3. EMT timings for Figure (14, The X symbol denotes that there is a larger delay
between events. For example, for the EMT scenario [AXB] there is an 18 h delay between
[A] and [B], whereas for [AB] both EMT events happen simultaneously.

In Figure |14}, we consider isolated cells with the EMT timings as in Table 3| Since we
want to look at the impact of relative timings between events, we also compare the
basal positioning of EMT cells close to the start of [A]. As we comment in the following
sections, we can conclude that the timing of EMT events does not seem to have an impact
on basal extrusion.
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[A¥B] [AB] [BEA] Comparison of basal positioning
with INM -100°% with INM -100% ‘ with INM 100% (shifted time axis) -100%
-90% - -90% ‘ -90% -90%
-80% -80% ‘ H -80% -80%
-70% -70% S70% ! -70%
-60% -60% { : -60% ! -60%
-50% -50% ‘ H -50% -50%
-40% -40% f : S40% | -40%
-30% -30% 1 ; -30% -30%
-20% -20% i H -20% -20%
-10% -10% ! : 0% | -10%
9 . % ‘ . % .\ T r T — 0%
Oh 12h 24h 36h 48h Oh 12h 24h 36h 48h Oh 12h 24h 36h 48h +0h +12h +24h +36h +48h
time (h) hours after [A]
| [l basal extrusion basal positioning [l apical extrusion (displayed on top) ‘ ‘ —[AKB] —[AB] —[BRA]

Figure 14. Comparison of different timings for [A] and [B]. Left figures: There are
two differences between the extrusion rates. In [AZB], the amount of apical extrusion
increases rapidly in the beginning, hinting that the absolute timing of [A] does have an
impact. However, at the onset of [B] some cells are pulled back into the tissue. This
occurs in the model since the basal-nuclei spring contracts at [B], which leads also to a
force which also X; towards B;. The reverse effect is visible in [BEA] where cells move
apically at [A]. Right: The curves of basal positioning relative to the onset of [A] are
almost identical. This is one of many cases where the relative timings between EMT
events are less important than the absolute timings.

4.3.1. Observation: The relative EMT timings are not very important. The comparison
in Figure [14|shows that in the model, the basal positioning depends on the time passed
since [A] started. We will reiterate this aspect when we look at homogeneous EMT
cells, but in general we did not observe that the relative timings between EMT events
completely change the outcome. It seems rather more a give-and-take between the
characteristics of the individual EMT events.

We will see another similar result for heterogeneous EMT in Section [4.5.3]

4.3.2. Notes on the pull-in effect. We observe in Figure|14|the pull-in effect of the cell
nucleus. This happens because cells contract their free apical-nuclei or basal-nuclei
springs after [A] or [B]. This is a two-sided effect that not only pulls the apical or
basal point towards the nucleus but it also pulls the nucleus itself which can lead to a
movement back into the tissue.

Biologically, even though not tested experimentally, this effect could be due to a combi-
nation of high cell-cell adhesion forces and contraction forces of the cytoskeleton of the
EMT cell.

4.4. Groups of EMT cells: homogeneous EMT

So far, the EMT cells were always isolated and had to cope with the remaining tissue
alone. This raises the question of whether a group of EMT cells is more effective since
multiple cells could potentially create a basally directed movement. Before we cover
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the more realistic case of heterogeneous EMT, we first consider homogeneous EMT to
differentiate between effects caused by the number of EMT cells and effects resulting
from EMT heterogeneity.

NEMT INM 7P 7174 TB TS
ABP 1lor10 yes/no 18h 6h 12h oo
BAP - - 18h 12h 6h oo
BPE - - 6h o 6h o
BZP - - 18h oo 6h o0
AXB - - o 6h 18h o
BZA - - o0 18h 6h o0
AR - - o© 6h o0
XA - - o0 18h oo 0
B - - oc© 6h oo o
XB - - 0o o0 18h o0
0 - - 00 0o 00 00

Table 4. Parameters for EMT cells in Figure For each choice, we ran n'*®? = 100
simulations. Different timings for [S] were also tried but led to no significant changes.

In Figure we compare the basal extrusion ratios between individual cells and a
homogeneous group with NPMT = 10 cells. The parameters are listed in Table 4] We
compare two variations at the same time:

o the difference between individual cells and homogeneous groups and
o the impact of interkinetic movement (INM).

Moreover, we plot the outcome of combinations between [A], [B] and [P], possibly with
delays between the EMT events.

One observation which repeats itself is the high basal extrusion ratio of EMT cells
without INM. As discussed in Section the extrusion ratios increase drastically,
especially if [B] is part of the EMT program.

4.4.1. Observation: Collective effects in homogeneous groups do not help to produce
basal extrusion. Opposite to our initial expectations, the basal extrusion for homo-
geneous EMT drops compared to individual EMT scenarios. In many situations, the
difference is up to —10 % (for example [BX] without INM) whereas in other cases, it
remains on the same level (e.g. [RA]).

It is difficult to pinpoint the exact reason, but it seems that groups do introduce not only
synergy effects but also competition among cells. If other EMT cells occupy the path
towards the basal side, then passive extrusion is ineffective. See Figure|16|for an example.
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Comparison of basal extrusion
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Figure 15. Comparison of basal extrusion ratios between simulations with and without
INM and with individual or homogeneous EMT: The X symbol denotes 12h delay
before or after an event. It is clearly visible that the lack of INM increases basal extrusion,
in particular for events with the EMT event [B]. In contrast, homogeneous groups of cells
are less efficient than individual EMT cells.

4.5. Groups of EMT cells: heterogeneous EMT

This setup is comparable to the cephalic region of the neural tube (see Figure ) where
multiple cells undergo EMT with heterogeneous EMT events. From a biological point
of view, it is not clear if heterogeneity gives an advantage to increase the rate of basal
extrusion. We explore this question next.

To model heterogeneity, we choose randomised EMT timings for a group of EMT cells,
as described in Section Again, we restrict our attention to the EMT events [A] and
[B] since [P] leads almost always to basal extrusion. We consider N¥MT = 10 cells which
perform [A], [B] with 70 % probability and in these cases, the timings are uniformly
randomly picked in the interval [6 h, 24 h]|. The likelihood of [P] is varied as shown in
Table 5l
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Figure 16. Examples for [XB] for an individual cell and a group of cells. The basal
extrusion rates for individual cells are larger since individual cells have no obstacles,
whereas groups of EMT cells might block the way for other EMT cells. This at least slows
down the extrusion rates for groups of cells.

NEMT INM TP A " T8
‘63% [P]’" 10 50% UP%(6h,24h) UO%(6h,24h) U%(6h,24h) oo
‘35% [P]” 10 50% U0%(6h,24h) UT%(6h,24h) UTO%(6h,24h) oo
6% I[P1” 10 50% U0%(6h,24h) UTO%(6h,24h) UT%(6h,24h) oo

Table 5. EMT timings to represent heterogeneous EMT. The notation U™ %(6h,24h)
is explained in Section[2.3.1} We recall that [P] is only active if also [B] happens. For
example in the first scenario, protrusion occur effectively in 63 % = 90 % - 70 % of the
EMT cells. The likelihood of INM is randomised as well, were only 50 % of all EMT cells
in a group exhibit INM. As previously, all epithelial (no-EMT) cells will always perform
INM.

There are more sources of randomness in the heterogeneous case, which requires more
simulation runs, especially if we only use a subset of the generated data to compute basal
extrusion for cells with particular EMT events. For all figures, we used n**? = 50000
simulation runs with 10 EMT cells each, yielding 5 x 10° data points for our analysisH

In Figures[17]to[19} we plot basal extrusion rates for cells with the EMT events [A], [B] and
[AB] comparing their performance in an individual, homogeneous and heterogeneous
setup. The three different heterogeneous configurations from Table 5/serve as examples
of EMT populations with different competitive advantages. The main observation is that

ZHere, we see the importance of the numerical efficiency of the PBD method from Chapterand the model change
discussed in Chapter The new 300 times faster simulation compared to the original model and method in [Fer+19]
allowed us to run 50000 simulations in less than 45 min instead of 10 days.
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(1) Heterogeneity with INM decreases the extrusion ratio.

(2) Heterogeneity without INM increases the rate of basal extrusion compared to
homogeneous groups.

(3) Timing for heterogeneous EMT cells does not have a big impact.

We discuss this in the following sections.

Impact of cell environment:

A¥B
[ ] Basal extrusion ratios for cells with EMT steps [AZB]
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Figure 17. We compare the basal extrusion ratios for cells with the same EMT scenario
(here [AXB]) but for different environments. First, we consider an individual cell, then a
cell which is surrounded by other EMT cells with the same EMT scenario and finally, we
consider cells which are surrounded by a heterogeneous group of EMT cells. Left: EMT
cells with INM show lower extrusion rates in the heterogeneous case. Right: For EMT
cells without INM the situation is different. Here, the heterogeneous scenarios yields
extrusion rates which are between the individual and the homogeneous cases.

4.5.1. Observation: heterogeneity with INM decreases the extrusion ratio. As visible
in Figures [17|and [18] the simulations show that for EMT cells with INM the frequency of
basal extrusion is lowest in the case of heterogeneous EMT. The reason is the increased
competition in the heterogeneous case. Since the environment contains cells with
protrusive activity and cells without INM, it is unlikely that cells with INM are in a
favourable spot for passive push to the basal side. Therefore, the basal extrusion rates
are lower than in the homogeneous case or individual case, where cells compete less.

4.5.2. Observation: heterogeneity without INM increases the rate of basal extrusion
compared to homogeneous groups. The right plots in Figures (17| to [I19/show that EMT
cells without INM show higher rates of basal extrusion than they would show in a
homogeneous case. That indicates that EMT cells without INM have an advantage
compared to the other competing EMT cells.

In all but one of the examples, individual cells are more efficient than cells in a het-
erogeneous environment. The only exception is in Figure [I§ where cells with [A] do
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Impact of cell environment:

Basal extrusion ratios for cells with EMT steps [A]
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Figure 18. Left: The heterogeneous case is a bit less efficient for EMT cells with INM
and [A]. Right: EMT cells which only lose their apical adhesion [A] and do not perform
INM benefit from a heterogeneous environment. Here, the presence of cells with more
efficient EMT events leads to a passive motion which can also carry cells with only [A] to
the basal side.
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Figure 19. Left: As seen previously, the EMT event [B] with INM does not lead to basal
extrusion. Right: For cells without INM, the extrusion ratios for heterogeneous cases
are between the individual and homogeneous values. Also, here, the presence of more
protrusive cells in the heterogeneous EMT population decreases the basal extrusion rates
for cells without protrusions.

almost double their extrusion ratios in the heterogeneous case. In general, it seems that
heterogeneity averages the overall performance of cells without INM, such that efficient
EMT events are slightly less effective and inefficient EMT events show increased basal
extrusion.
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4.5.3. Observation: timing for heterogeneous EMT cells does not have a big impact.
Previously, we observed that timing does not play an essential role for the extrusion of
individual cells. Also in the heterogeneous case the timings do not have a big impact.
We can show this by computing the conditional expectations of basal extrusion ratios as
discussed in Section[3.3.3]

In Figure 20| we show the conditional expectations of the basal extrusion rates for EMT
cells which perform an EMT event in a particular time interval. The results show that
the basal extrusion ratios are independent of the timing of [B] and [P] and there is a
slight dependency on the start of [A]. Overall, the model suggests that the timing is only
mildly relevant for individual and heterogeneous EMT.

Timing: Extrusion ratios for EMT cells (with or without INM)
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Figure 20. Extrusion ratios for cells which start of [A], [B] and [S] within a particular
time interval. While there is some trend concerning [A], preferring earlier timings. The
timing of [B] and [S] are irrelevant for the extrusion ratios.

Contrary to our expectations, there is no timing and ordering of EMT events which is
clearly more efficient than other EMT scenarios with the same EMT events occuring.
For this reason, we decided to explore other factors that could have a higher correlation
with basal extrusion. In particular, we invesitgated the impact of basal positioning at the
onset of EMT, see Section 4.6

4.6. The effect of basal positioning

We observed that EMT cells without INM are generally more efficient. This raises the
question if the lack of INM itself or some other underlying factor is the most relevant
here. An obvious candidate is the position of a cell at the onset of EMT. As we have seen,
cells do compete with each other for space and starting closer to the basal side could be
a favouring factor in this competition.

In the following, we say a cell has basal positioning to refer to cells close to the basal layer.

In Figure [21] we see the conditional expectation of basal extrusion for cells in given
intervals of basal positioning (as defined in Section [3.3.4).
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The result show quite clearly that basal positioning is for cells without protrusive
activities the best predictor of basal extrusion in our model. As Figure [21{shows, EMT
cells which are in the most basal 20% of the tissue do exit basally with rates between 70 %
up to 80 %. This is the highest rates we observed among EMT cells without protrusions.

We will discuss this aspect further in Section |5, where we show experimental data
supporting this insight from the model.

Comparing Figure 21|and Figure 20, we can conclude that basal positioning has more
impact on basal extrusation than the timing of EMT events.

Basal positioning: Extrusion ratios for EMT cells without protrusions [P]

EMT cells with INM EMT cells without INM
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Figure 21. The conditional expectations of basal extrusion for EMT cells depending on
the height of the cell within the tissue at the onset of EMT. Here, we only consider EMT
scenarios without protrusions. The results show that basal positioning at the onset of
EMT is a good predictor for basal extrusion.

Figure 22| shows with a scatter plot how the basal positioning at the onset of EMT
correlates with basal extrusion.

4.7. Summary of the simulation results
Returning to our initial questions, we obtained the following results:

(Q1) Group efficiency: Are groups of EMT cells (such as in the cephalic region) more efficient
than isolated EMT cells (as in the trunk region)?

Answer: No, in most cases, heterogeneous groups are less efficient
than individual cells. Only sometimes, heterogeneous environments
elevate inefficient EMT events.

(Q2) Selection of EMT events: Is basal extrusion possible without the implementation
of all EMT events? Which EMT events have to occur for basal extrusion?

Answer: Yes, without INM all cell events with [A], [B] or [P] lead to
extrusion. If cells continue to perform INM, then only [P] or cells with
[A] or [B] and favourable basal positioning get extruded.
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Output of ensemble simulation (each dot represents one EMT cell)

EMT cells with INM and without [P]

EMT cells without INM and without [P]

Height at onset of EMT (on AB scale)

05 0.0 0.5 1.0
Final height (on AB scale)
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Figure 22. Each dot in these plots represents one EMT cell from the »n™? = 50000
simulations of the heterogeneous scenario ‘35% [P]” from Table[5} The z-axis shows the
final position of the cell. Dots left of 0 represent basally extruded cells. Equally, all cells
right of 1 are apically extruded. We do not show dots for cells with active protrusions in
the plot. Left: EMT cells with INM are more likely to be in the center of the tissue, which
is visible in comparison by the many gray cells in the center. Most cells in the upper 20 %
of the tissue extrude apically. For basal extrusion, the trend is less clear, but there is still
a tendency for cells in basal positions to exit basally. Right: For cells without INM, the
importance of basal positioning is more emphasised. Most cells which extrude basally

start EMT from the lower half of the

tissue.

(Q3) Timing of onset of EMT: Are early EMT events more efficient?

Answer: Mostly no. Only the early onset of [A] shows some increase
in extrusion ratios, but overall the timing seems irrelevant.

(Q4) Order of EMT events: Are there specific sequential orders of EMT events which

lead to more basal extrusion?

Answer: The order of EMT events, that is, the relative timing between
EMT events, can lead to small differences which are better explained
by earlier or later absolute timing of one of the EMT events.

(Q5) Group efficiency of heterogeneous EMT: Is it an advantage if a group of EMT cells
has all the same timings or is a mixture of timings better?

Answer: Individual EMT cells are more effective than groups of cells.
But heterogeneous groups increase the efficiency of basal extrusion for
most EMT programs compared to homogeneous groups.
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(Q6) Effect of interkinetic nuclear movement (INM): Are EMT cells without INM more
effective than EMT cells with INM?

Answer: INM has a major impact on the model, and the lack of INM
increases the amount of basal extrusion for EMT programs involving
[B].

(Q7) Basal positioning at the onset of EMT: Does the position of an EMT cell at the start
of EMT events impact the outcome?

Answer: Very much so. Basal positioning is a favouring factor for basal
extrusion, and for cells without [P], basal positioning is more important
than the timing and the selection of EMT events (see Figure 21). If cells
start EMT when they are close to the basal layers, their likelihood of
extrusion is almost 80 % (according to the model).

(Q8) Competition: Do other EMT cells with very effective EMT programs decrease the
efficiency of non-effective EMT programs?

Answer: Yes, a bit. However, basally positioned cells might benefit
from the push they obtain from more basally driven cells.
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5. Derived biological hypotheses and experimental results

We now want to relate our conclusions from the modelling with experimental data and
results from Theveneau’s lab.

Using our model, we identified the following factors leading to basal extrusion:

(1) Protrusive activities lead to basal extrusion and prevent apical extrusion, see
Figure[10}

(2) The position of nuclei at the onset of EMT is a crucial factor in differentiating
between basal and apical extrusion, see Figure

Theveneau’s lab used these modelling results to design new experiments that explore
the model’s claims. In the following sections, we outline the experimental evidence
supporting the following hypotheses:

(1) Inhibition of protrusion seems to randomise extrusion outcome (between apical
and basal).

(2) Neural crest cells have increased rates of non-apical mitosis before the onset of
EMT.

5.1. Inhibition of protrusion seems to randomise extrusion outcome

Figure 23. Inhibition of integrin a4 subunit leads to a reduction of neural crest migration.
These in vivo experiments show apical extrusion due to a disrupted migration program.
This related to our conclusion from the model, that protrusions are essential for basal
extrusion. Image source: [Kil+98) Figure 8B].

An important difference between our model and experimental data is in the rate of
apical extrusion. Under physiological conditions, the rate of basal extrusion is in practice
100 %, and there are no apical extrusions. The model suggests that such high rates of
basal extrusion are only possible with cell protrusions. This leads to the conclusion
that cells which undergo EMT will likely use protrusions to escape the tissue. Apical
extrusion only occurs in experiments which enforce non-physiological situations [Kil+98;
NT98]. The experiments in [Kil+98] show that preventing cells from forming effective
protrusions leads indeed to apical extrusion of some cells. This experiment supports our
modelling conclusion.
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Figure 23| presents experimental results from [Kil+98]|. In these experiments, the integrin
ay subunit was blocked with an function-blocking antibody. Integrins are transmem-
brane receptors which are important for the regulation of cell-cell and cell-matrix adhe-
sion. Without cell-matrix adhesion, cells cannot migrate since cell protrusions cannot
hold onto the fibers of the extracellular matrix. According to [Kil+98], the integrin
a4 subunit may be one of the primary « subunits for neural crest migration (in vivo).
Blocking the function of the integrin o4 subunit reduces the migration of neural crest
cells, and in half of the experiments, it successfully prevented any neural crest migration.
Under these non-physiological conditions, apical extrusion of neural crest cells occurs,
as visible in Figure

Theveneau’s lab is currently performing more experiments to detail further the role of
protrusions during the onset of EMT.

5.2. Neural crest cells have increased rates of non-apical mitosis before the
onset of EMT

To investigate the role of basal positioning, Theveneau’s lab collected (in vivo) data
about the position of nuclei before the onset of EMT and during EMT. The positions
of nuclei usually are tightly regulated by interkinetic nuclear movement (INM), which
leads, in most cases, to apical mitosis, i.e. cell divisions on the apical surface of the tissue.

Theveneau’s experimental data shows that the nuclei positions of neural crest cells are
less tightly regulated, since not all neural crest cells divide apically.

Indeed, already before the onset of EMT, neural crest cells have non-apical mitosis with
a higher frequency than neural tube cells. (We recall that neural tube cells correspond
to the epithelial cells in our model and neural crest cells are the EMT cells, i.e. the
cells which perform the epithelial-to-mesenchymal transition.) This could indicate that
the basal positioning of cells is a relevant factor and that some cells prepare EMT by
inhibition of INM.

Figure 24) shows statistics and examples of non-apical mitosis in the cephalic region
(close to the head) of a chicken embryo at 32 hours of development. At this stage,
the neural tube is not closed yet (cp Figure 2) which also means that neural crest cells
have not started EMT. The results show that around 20 % of the neural crest cells show
non-apical mitosis, whereas only around 5 % of neural tube cells divide non-apically. We
refer to the caption of Figure [24{further details of the experimental setup.

In Figure 25, we see that the rate of non-apical mitosis increases at the onset of EMT
and during EMT. We recall that the convergence and closure of the neural tube happen
earlier in the cephalic region (head) and later in the trunk region of the neural tube. This
allows us to observe different stages of EMT in one chicken embryo at the same time.
The presented images show the chicken embryo after 48 hours of development, where
EMT has not yet started in some parts of the trunk domain, but is already ongoing in
more anterior parts. Compared to Figure 24|the difference in non-apical mitosis between
neural tube cells and neural crest cells is less prominent. However, some embryos also
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Figure 24. a-b, diagrams showing a transversal view of the neural tube (a) and a zoom
(b) on the dorsal side showing a few nuclei and what is considered apical or non-apical
with respect to the epithelium orientation. ¢, diagram of a chicken embryo at 32 hours
of development. The dotted line indicates the level of the images shown in panel e. d,
percentages of non-apical mitoses in the neural crest region (NC) and the rest of the
neural tube (NT). Each dot represents the mean percentage for one embryo. e, example of
basal mitoses in the region analyzed. Left panel shows a low magnification of the neural
tube, right panel shows a zoom on the dorsal neural tube containing neural crest cells. All
nuclei are labelled with DAPI (blue). Neural crest cells are identified by immunostaining
against the Snail2 protein (red). Mitoses are detected by immunostaining against the
phosphor-Histone H3 (green). Note that numerous non-apical mitoses are detected prior
to the onset of EMT. Immage source: unpublished, provided by Dr. Eric Theveneau (CNRS)

showed increased rates of non-apical mitosis in the neural crest domain, which indicates
a lack of tight regulation of INM in the neural crest domain.

Overall, the experiments show around 20 % of neural crest cells do not perform INM
already before EMT which could indicate that the position at the onset of EMT is indeed
a favouring factor which helps cells to extrude basally.
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Figure 25. f, diagram of a chicken embryo at 48 hours of development. The dotted lines
indicate the level of the images shown in panel h. g, percentages of non-apical mitoses
in the neural crest region (NC) and the rest of the neural tube (NT) at three different
anteroposterior levels corresponding to pre-EMT, the onset of EMT and ongoing EMT.
Each dot represents the mean percentage for one embryo. h-i, example of basal mitoses
in the various regions analyzed. Left panel, low magnification of the neural tube, and
the right panels show a zoom on the dorsal neural tube containing neural crest cells. All
nuclei are labelled with DAPI (blue). Neural crest cells are identified by immunostaining
against the Snail2 protein (red). Mitoses are detected by immunostaining against the
phosphor-Histone H3 (green). Sections are counterstained with Phalloidin which detects
actin filaments that are accumulated on the apical side of the tissue. Note that all
neural crest regions in which EMT is implemented display a significantly higher rate
of basal mitoses than what is observed in the rest of the neural tube. Interestingly, in
most posterior region corresponding to pre-EMT, some embryos display an increase
of basal mitoses while other do not. This indicates that basal mitoses progressively
become more frequent before the onset of basal extrusion, indicating a lack of tight
regulation of interkinetic movements in the neural crest domain compared to the rest of
the neuroepithelium. Image source: unpublished, provided by Dr. Eric Theveneau (CNRS)






Chapter 5

The mean-field limit for
particle systems with
uniform full-rank
constraints

This chapter contains an article which is currently submitted to the journal Kinetic and
Related Models. The pre-print is available at [PS22].

My contribution

This article is a follow-up project from my master’s thesis, which was supervised by
Prof. Bernd Simeon (TU Kaiserslautern).

My main contribution is the proof of Theorem which follows classical arguments
from [Gol16] with some adaptations which are mainly based on Lemma

I am also grateful for the received feedback from the (anonymous) peer-reviews which
improved this work in several ways.

1. Introduction

This article is about the question of how to apply the mean-field limit when individual
particles are tightly coupled to the dynamics of a macroscopic component. Such a
situation arises, for example, in microscopic models for skeletal muscle tissue. In such
models, microscopic actin-myosin filaments take the role of ‘particles’, and the passive
muscle tissue acts like a ‘macroscopic component’, as shown in Figure[I] Indeed, in terms
of kinetic theory, the established muscle models are macroscopic approximations of the
so called sliding filament theory [Hux57; HS71;[HH54]. The most popular macroscopic
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Macroscopic component: Particles:
Passive muscle tissue Actin-myosin filaments

Figure 1. Skeletal muscle tissue contains arrays of aligned actin-myosin filaments. The
myosin heads (red) attach to the actin filament (purple). Millions of such actin-myosin
filaments repeatedly perform a cycle of ‘attaching, pulling and detaching’. The resulting
accumulated force leads to muscle contraction. In article, we ignore the repeated cycling.
Instead, we focus on the mathematical implication of the coupling to the macroscopic
component.

approximation is the distributed moment method [Zah81] which forms the foundation
for most numerical simulations of muscle tissue which include fibers, see for example

[BROS; [GS21}; [Hei+16].

While sliding filament theory itself is well-established [Her17; How01; MZ91}; KS09bj
Phi+12], a rigorous application of the mean-field limit to realistic models for muscle
tissue is currently out of reach. One challenge is to account for the coupling between the
microscopic scale (actin-myosin filaments) and the macroscopic components (passive
muscle tissue), see also . Each deformation of the passive muscle tissue deforms,
detaches or breaks attached actin-myosin filaments. In terms of mathematical models,
this introduces constraints between the passive muscle tissue and the filaments. To
tackle this particular challenge, we will consider a simplified model that focuses solely
on the coupling between a macroscopic component and particles. The main result of
this article is a rigorous proof of the mean-field limit for such coupled particle systems.

From a kinetic theory point-of-view, imposing a general constraint on particle positions
is not straightforward. Many fundamental results do not generalise in an obvious way to
nonlinear position spaces. For example, the diffusive scaling limit requires that (¢, ) —
(et,ex) is well-defined for ¢ — 0. However, if z is subject to constraints, this scaling
is ill-posed since 2z might not satisfy the position constraints. Also, other common
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approaches for deriving macroscopic equations (averaging, moment approximations)
are not directly compatible with position constraints. Up to our knowledge, there is no
canonical way to rigorously derive macroscopic equations when the particles are subject
to general constraints. However, the particle model we consider in this article has a
specific structure that allows us to derive the mean-field limit and admits macroscopic
approximations. We extend the approach from [Gol16, Section 1.4] to such particle
systems with constraints. For further references on kinetic theory, we refer to [CIP94;
Deg04; Jab14; |Spo91].

Major Results at a Glance

Our starting point is a system of differential-algebraic equations (DAE) that describes
the motion of particles with positions X1, ..., Xy € R"* and a macroscopic component
with state y € R™v. We impose the algebraic constraints

9(X;,y) =const. forl <i< N

where g : R" x R™ — R" is a nonlinear constraint function. These constraints are
uniform, in the sense that all particles have to keep the same constraint function constant,
and the constant only depends on the initial condition. The DAE system which we study
in this article is the constrained Newton equation

( N
1
mXi = Fi(Xi) + - D K(Xp, Xi) - (0x,9(X5,9))" A forl <i <N,
N
| X
y=roly Z X;,y)) )\
-1
g(X’My) = g(Xz!mtvylmt) for 1 S i S N.

A key assumption is that the constraint function g is of full rank with respect to Xj;.
Hence, there is a linear map ®(X;, y) which translates the velocity of the macroscopic
component to the velocities of the particles, i.e. X; = ®(X;,y)[y]. This relation allows
the elimination of the Lagrangian multipliers, and we arrive at the following equivalent
ODE model

1 & 1 & 1 &
1 . 1 .
T mgff)(Xjay) Yy = N (Fe(ff)(vay>y)+NZKeff(Xk7Xj)> 5
j=1 j=1 k=1

X; = d(X;,y)[y) forl<i<N

where mgf) and Fe(flf) are the effective mass and effective forces of the macroscopic
component. The force each particle exerts onto the macroscopic component is included

in mgf) and Fe(flf).
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With the ODE model, we can mostly follow a standard procedure for proving the
mean-field limit. The mean-field PDE is given by

( / mi (@, y) (@, t) de ) § = / (Fié)<w,y,y> + / Ke(a!,2)f(a',1) dx’) f(a,t)de,
O f(x,t) = —div, (f(x, t) ®(z, y)[y})

where in the mean-field limit the particles X; converge toi.i.d. random variables with the
common law f(z,t)dz. A difference to classical mean-field equations is the occurrence
of a non-constant mean-field mass in addition to the classical mean-field force. Dealing
with the mean-field mass is the primary difference compared to standard procedures for
proving the mean-field limit.

Our main results are the proof of well-posedness and a stability estimate. Under some
assumptions, we show well-posedness of the ODE model and the characteristic flow of
the mean-field PDE. The key step is to show that

o (/ mig (@, y) du(ﬂﬁ))1

is bounded and Lipschitz continuous with respect to the particle distribution. To show
the mean-field limit, we prove a generalisation of Dobrushin’s stability estimate [Gol16),
Section 1.4], which implies

Wi (b, 1) + lyr + w2l + 191 + 92|
< COP (W (™ ™)+ ™ — ) + o™ — ™)

where W is the Monge-Kantorovich distance with exponent 1 (also called Wasserstein
distance), p™*, 51 are two different initial particle distributions and p!, 4 are weak
solutions of the mean-field PDE. The stability estimate implies convergence in the

mean-field limit and provides a rate of convergence as well.

This article generalises the results from our previous work [PS20]]. Instead of assuming
that the constraints and forces are linear, we allow nonlinear constraints and forces.
This is motivated by the application to models for muscle tissue [PS20, Section 5.2].
However, the nonlinear constraints introduce two new challenges. First, the position
space becomes nonlinear, which prevents many simplifications. Second, the mean-
field mass is non-constant in contrast to the linear case. In the context of the Newton
equations of the macroscopic component, this implies that we need sufficient bounds for
the inverse of the mean-field mass.

We want to point out that even with the extension to nonlinear constraints, the applica-
bility of particle systems with uniform, full-rank constraints remains limited. Practical
applications would require further extensions, which are beyond the scope of this article.
For example, in the context of muscle tissue models, a necessary extension would be
to allow particles to switch between a constrained and an unconstrained state. With
such a mechanism, one could model the essential driver for muscle contraction, which is
the attachment and detachment of actin-myosin filaments, see [PS20, Section 5.3]. For
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the case of unconstrained particles, related mean-field limit results already exist [DNOS;
Dav84], but these results do not directly apply to constrained particles.

This article is organised as follows: Section 2| defines the discrete particle model as
a DAE model and an equivalent ODE model. It shows conservation of energy and
well-posedness for the ODE model. Section (3| starts with a formal derivation of the
mean-field equations for the ODE model. It continues with showing that the mean-field
equations are consistent with the ODE model, preserve energy and are well-posed. As
a main result, it proves a stability estimate that implies convergence of the mean-field
limit. Appendix [2|contains the proof of the equivalence of the DAE model and the ODE
model.

2. The discrete particle model with uniform full-rank constraints

This section describes the discrete particle model with uniform, full-rank constraints. We
start with a DAE model and derive an equivalent ODE model for the particle dynamics.
Then, we prove conservation of energy and well-posedness for the ODE model.

The derivation of an equivalent ODE model has the following advantage. If we apply
the mean-field limit directly to the DAE model, the resulting mean-field equation would
be a partial differential-algebraic equation (PDAE). This would be an unnecessary
complication. Using the ODE model avoids this issue. By exploiting the particular
structure of the DAE, we can eliminate the constraints and their Lagrangian multipliers.
The resulting equations will be an equivalent ODE model which yields a PDE in the
mean-field limit.

Notation

For vector-valued functions, e.g. g : R"* x R™ x R"*, we use the shorthand notation

Ix9(X,y) = 3%9(X,y) € R™ x R" and dyg(X,y) = %g(X,y) € R™ x R". For
T

scalar functions, e.g. f : R™ x R"™ — R, we write V, f(X,y) = (%f(X, y)> € R™

for the gradient with respect to the variable y. The differential is denoted by D f and the

second order derivative as D?f.

2.1. The DAE model

Let XV) .= (X,..., Xx) € (R™)"N denote the positions of N identical, non-interacting,
microscopic particles and let y € R™ denote the state of a macroscopic component. We
denote the internal forces of both systems as

Foly) = =V Wo(y) and Fi(X;):=-VxWi(X;) forl<i<N
where Wy € C*(R™,R) and W, € C'(R"=,R) are the potential energies of the macro-
scopic component and the microscopic particles. The pair-wise interaction forces is
(5.4) K(X;,X;) =Vx, —V(X, - Xj).
for some potential energy V € C'(R"*,R) with V(-X) = —V(X), VV(0) = 0 and
V(0) = 0.
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The central connection between the particles and the macroscopic component are the
constraints

9(Xi(t),y(t) = g(XZ-i“it, yinit) fori1<i< Nandt>0
where g € C?(R™ x R™,R™) is the constraint function and X;™* € R", ¢yt ¢ R
are the initial conditions. We call these constraints uniform since all particles have to

remain in the level set of the same constraint function. Moreover, we assume that the
constraint function has full-rank, i.e.

(5.5) Oxg(X,y) isinvertible forall X € R"* y € R".

This implies that the state of the macroscopic component determines locally the position
of all particles.

Now, we can state the discrete particle model as a constrained Newton equation

(5.6a) mX; = Fi(X + % kz_: (X, Xi) — (0x,9( X, 9) T\ for1 <i <N,
| N
(5-6b) Y= FO N Z yg 7 y >\]7
(5.6¢) 9(X;,y) = g(X;mt,ylmt) forl1<i<N
with the initial conditions
(5.7) X;(0) = X, y(0) =y™* and 9(0) =o™" forl<i<N.
The equations (5.6a) to (5.6d) form a system of differential-algebraic equations (DAEs).

Therefore, we w1ll refer to it as the DAE model. The algebraic variables Aj,..., Ay € R™
are the Lagrangian multipliers for (5.6c), and their initial value is determined implicitly
by the system.

The main objective of this article is to study the limit N' — oo for this system. The factor
+ in (5.6a) is the typical mean-field scaling of the interaction forces, whereas the factor
+ in (5.6b) stems from a scaling between the action of the macroscopic component and
the particle system.

To motivate the scaling factors, we consider the Lagrangian of the system

(5.8) L= ll§l ~ ()

+aZ<||X|]2 Wi (X —fBZVXk— )

=1

N
— 7> 9( Xy
j=1

The choice of the scaling factor 8 ~ = is typical for interacting particle systems as it
keeps the relative influence of the interaction forces constant.
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The factor o controls the energy balance between the macroscopic component and the
particles. With the choice @ ~ 4 the influence of the particles on the macroscopic
component remains of order 1 in the limit. A side effect of this scaling is that the total
mass of the particles is constant in the limit.

In contrast to the other two scaling factors, the choice of the factor v is physically
irrelevant, since the Lagrangian multipliers Ay, ..., Ay are unknowns which would just
scale accordinging. However, for the mathematical analysis it is useful to ensure that

also A1, ..., Ay are of order 1. Therefore, we pick vy ~ %

The system (5.6a)) to (5.6c) consists out of the Euler-Lagrange equations for the choice
a=pB=~v= -
2.2. The ODE model

The derivation of an equivalent ODE model is elementary but lengthy. Therefore, we
just present the results here, whereas the full computations can be found in Appendix 2|

Due to the full-rank constraint, the velocity of the macroscopic component y determines
the velocity of each particle X;, namely

dg dg dX;  Ogdy _

5.9 = const. < —2 = =0&  X;=
(9 G= oMt T ox, @t oyt 9]
where
-1 Ny XN,

®; = ®(X;,y) = — (0x,9(Xi,y)) Oyg(Xi,y) € R"=*".

Consequentially,
dg d?g 5 . .

5.10 — =0=—5=0 Xi=®; Qily,
(5.10) g -0 =0+ [G] + Qily, 9]
where

Qi[”) ’lU] = Q(Xla y) [’U, ’UJ]
= 0x, 2(Xi,y)[v, (X, y)[w]] + 0y (X, y)[v, w]
for v,w € R™. We remark that taking derivatives of the algebraic equation g = 0 is

related to the concept of index reduction [HW10, Chap VII].

With the relations and (5.10), we can solve (5.6a) for the Lagrangian multipliers and
then eliminate both \; and X; from the system (5.6a) to (5.6c) to obtain an equivalent
ODE model

(5.11a) m N = F&),

€ €

with initial condtions

(5.12) y(0) =y g(0) =v"™" and X;(0)= X, for1<i< N
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where the effective mass and effective force are
N
m
6:13) iy (AN, y) = (I + T > 0T @),
j=1

FV ™y 5) = Fo(y)

N
(5.14) + = Z@T <F1 +§,kZK (X, X mQj[y,y]>-

=1

The super-index () identifies the number of particles. For a detailed derivation of (5.11a)
and (5.11b), we refer to Appendix 2}

The system (5.11a) and (5.11D) is a reduced form of the DAE model (5.6a) to (5.6(] - In the

following, we w111 call (5.114 and (5.11b) the ODE model. We notice that (5.11a)) is in the

form of Newton’s second law. Therefore, we identify mgg) as the effective mass of the

(N)

macroscopic component and F; ’ as the effective force.

The equations (5.13) and (5.14) fit well into the setting of mean-field theory since both
terms are mean values of the individual influence of all particles, i.e.

N
N 1 1
(515) mgﬁ)(X(N)ay) = N ngff) (Xj’y)
. N N
1)
(5.16) FO (™) y, ) ZFB(H (X5,9,9) ZZ it (X, X
J 1 J=lk=1

The last equation holds because K (X, X) = 0 and with the definition
(5.17) Keg( X1, X;) = o7 (X, y) K(X}, X).

We remark that factor ®7 (X, y) implies that K.g might not be anti-symmetric. When
K.g is anti-symmetric, the double sum in (5.16) would vanish, meaning that the interac-
tion between particles would cancel.

Every solution of the DAE model (5.6a) to (5.6¢) also solves the ODE model (5.11a)
and (5.11b), and with solutions of the ODE model we can recover the Lagrangian
mutlipliers to construct a solution of the DAE model. The next proposition formalises
this equivalence.

Proposition 5.1. Let g € C?(R" x R™ R") be a constraint function such that
(5.18) Ox (X ,y) is invertible for all X € R"",y € R"v.

If
y € C*([0,T),R™), X; € CY[0,T],R™) for1<i<N
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Figure 2. Left: simplified model for a straight muscle fiber (orange) with attached cross-
bridges (purple) inside. Right: model for a muscle tissue element with homogeneous
deformation (orange) and attached cross-bridges (purple). The shadow represents a
previous state of the system to show how under shear deformation the deformation
of springs depends on their rotation. cross-bridges which align with the directions of
maximal deformation of the muscle are more extended that cross-bridges which are
orthogonal to the maximal axis of deformation.

is a solution of the ODE model and , then X; : [0, T] — R™ defined by is
a continuous function and (y, X1,..., XN, A1, - - ., An) is a solution of the DAE model

to (5.60).
Vice versa, if
y € C*([0,T],R™), X; € C*([0,T],R™), X € C%0,T],R"™) for1<i<N

is a solution of the DAE model to (5.60), then (y, X1, ..., Xn) is a solution of the ODE
model (5.11a) and (5.110).

The proof is given in Appendix [2|
2.3. Examples and modelling aspects

To motivate the class of systems, we give a few examples related to models for muscle
tissue. We start with a general nonlinear model and consider two special cases, where
the first serves as an illustrative example and the second relates the nonlinear models to
their linear counterparts.

The macroscopic component represents a muscle tissue element in a d dimensional space.
Let F : R™ — R%*? be a linear map which maps the state y € R™ to the deformation
gradient of the muscle tissue element. We assume that the muscle tissue element has a
spatially homogeneous deformation gradient.

The particles in this setup represent the so-called cross-bridges inside the muscle tis-
sue. We consider N attached cross-bridges with states X1,..., Xy € R?. The vectors
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represent the direction of the cross-bridges inside the muscle, i.e. the ith cross-bridges
spans between p and p + X;; for some point p € R%. Since we consider a homogeneous
deformation of the muscle tissue, the position p of the cross-bridge is irrelevant. See
Figure 2] for two examples.

The fundamental constraint is
(5.19) F(y) 'X; = F(y™) XM foralll <i<N.

These constraints model that the cross-bridges deform exactly proportional to the sur-
rounding muscle tissue element.

Example 5.2 (Straight muscle fiber). We consider the special case d = n, = 1 and
F(y) := y. This represents a straight muscle fiber with N attached cross-bridges.

The constraint simplifies to
X

and we can directly compute 0x,9(X;,y) = % and 0yg(X;,y) = —% which yields

(5.21) O(X;,y)=— and QX;y) =~ +—— =0.
Yy ) Yy
The effective mass and force are
N 2
(N) _ 1 X
N
1 X
(5.23) FéfffV ) = Fyly) + ¥ ?J Fi(X;)
j=1

Example 5.3 (Linearised constraints). The nonlinear constraint allows the fibers to have
an arbitrary length in the initial configuration. However, if we assume that all fibers have
roughly the same length, for example X" € O(%) where y, denotes a characteristic
length of the muscle, then, linearising the constraint around X; ~ X, = % and y ~ v,
yields

X Yy

To remove the dependency on IV, we apply the coordinate change X, = %—‘;X i = Ny.X;
which yields the linearised constraint

(5.25) 9.(Xi,y) = X; —y = const.
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We obtain ®(X;,y) = 1 and the corresponding effective mass and force terms are

(5.26) mgg) = mlgny +1
(N) (5 % LS o
(5.27) Fg'(X1,..., XN, y) :Fo(y)+NZ;F1(Xi)~
]:

The linear case yields the typical starting point for sliding filament theory. The ODE
model (5.11a) and (5.11b) in this case is

N
(5.28) mij = Fy(y) + %Z Fi(X;)
j=1
(5.29) X; =q.
Here, the mean-field equations are
(5:30) mij = o) + [ Fila)f(a.t)da
(5.31) Of (x,t) = =0u(f(x,t)h(t))

where f : R x [0,7] — R denotes the cross-bridge distribution. By adding source and
sink terms, we obtain models such as in [KS09al.

In general, for any linear map G' € R™**"™ the linear constraints
9(Xi,y) = Gy — X;
imply that ®(X;,y) = G is constant and Q(X;,y) = 0.

In this provides a major simplification which is not available in the nonlinear case.
Namely, we can solve X; = Gy explicitly via

Xi(t) = X;™ + G(y(t) — y™").

This simplification is not available for general nonlinear constraints and the main contri-
bution of the present article is to generalise the results from the previous work [PS20] to
nonlinear constraints.

By adding nonlinear constraints, the dynamics of the particle system can be more
complex. For example in [Zah96], the angle of cross-bridges was considered such that the
deformation of cross-bridges is larger if they align with the axis of maximal deformation
of the muscle. Within the framework proposed in this article, such dynamics require
nonlinear constraints.

The next example is inspired by [Zah96|] (but not an exact replication). It represents
a model where the cross-bridges are embedded in a two-dimensional muscle tissue
element with a homogeneous deformation gradient. The key aspect is, that in this setup
shear forces lead to non-uniform deformation of the cross-bridges
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Example 5.4 (Fully nonlinear constraints). This time we imagine a two-dimensional
muscle, modelled as a solid with a spatially homogeneous deformation gradient. Cross-
bridges are are attached inside the muscle, initially between a point z — ;2™ € R?
and z + 5L&" € R2,

In a simplified manner, we consider that the state of the macroscopic system is described
by y € R? where 41, y2 denote the stretch and y3 denotes the shear of the tissue. The
corresponding deformation gradient is

w0 = (3 1)

The condition is that the cross-bridges deform like the muscle tissue element, which
leads to the constraint

(5.32) 9(Xiy) = Fy) ' Xi = F(y™) 7 X,
This constraint ensures that the cross-bridges deform exactly like the tissue. E|
We obtain ®;[v] = F(v)F(y)~! X; which leads to

(5.33) X; = F(9)F(y) "' X;

Given that g(X;, y) is constant, we obtain
(5.34) XZ — F(Q)F(yinit)flxiinit

therefore this term is the current deformation rate translated to the the invariant initial
position of the fiber.

This equation corresponds to the starting point of the modeling in [Zah96] which yields
in the mean-field limit the PDE

(5.35) Ouf(x,t) = —diva(f(2)F(§)F(y) ')
(5.36) = —f(@)tr(F()F(y)™") = 0uf(2)F(§)F(y) .

where tr denotes the trace of a matrix.

2.4. Assumptions

In the following, we will collect sufficient assumptions for well-posedness of the ODE
model (5.11a) and (5.11b) and for convergence in the mean-field limit.

For the terms of the ODE model (5.11a)) and (5.11b) we assume:

Un terms of elasticity theory, this condition states that the cross-bridge configuration is constant in the bodies
reference coordinates.
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(1) The forces Fp : R™ — R™ and F; : R™ — R"* are Lipschitz continuous and
bounded, i.e. there exists constants Lg, L1, My, M7 > 0 such that

(Ala) 1Fo(y) — Fo(y)|l < Lolly —¥'ll;
(Alb) 1 Fo(y)| < Mo,

(Alc) I1F1(X) — Fiu(X')|| < Lu[| X — X",
(Ald) [ F1(X)[| < M.

forall X, X' e R, y,y' € R™.

(2) The interaction kernel satisfies

(A2a) K(X,X')=-K(X', X),
(A2b) IK(X,Z) - K(X',Z)| < Lg|| X — X',
(A2¢) IK(X,Z)|| < Mk

forall X, X', Z € R"=,

(3) The constraint

(A3a) g : R"™ x R™ — R" is twice continuously differentiable
and
(A3Db) Oxg(X,y) isinvertible
forall X € R™ and y € R™.
(4) The map

B R™ x R™ — R™™ (X, y) = — (Ix9(X,y)) " 9y9(X,y)

is Lipschitz continuous and bounded, i.e. there are constants Lg, Mg > 0 such

that
(Ada) 12(X, y) = (X", )| < Lo (IX = X'|| + [y = ¢/'ll)
(Adb) 12(X, y)|| < Me.
forall X, X' € R™ and y,y’ € R"v.
(5) The map

QR x R™ —y R7%eXnyXny
(XL y) = 0x (X, y) - (X, y) + 0yP(X, y)

is Lipschitz continuous and bounded, i.e. there exist constants Lg, Mg > 0 such
that

(Aba) 19(X,y) = UX )|l < Lo (1X = X' +ly = ¥'ll)
(A5b) 12(X, y)|| < Mg
forall X, X' € R™ and y,y’ € R"v.
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2.5. Well-posedness of the ODE model

The assumptions (Ala) to (A5b) are chosen such that the ODE model (5.11a) and (5.11b)
—T

is globally Lipschitz. To show this, the main task is to prove that mgfp Fe(f]fv ) is Lipschitz

continuous. We will do this in two steps.

First, we show in Lemma [5.5| that for given initial conditions, there exists an upper
bound for the speed of the macroscopic component, i.e.

lg(t)|]] < M, forallt>0

where M, > 0 is a constant depending only on the initial conditions. Then, we can show
that mig) and Fe(év ) are bounded and Lipschitz continuous.

(N)
g

In the second step, we use that m,

(

€

Finally, the Picard-Lindelsf Theorem implies well-posedness of (5.11a) and (5.11b).

is also symmetric and uniformly elliptic to show

-1
that the product m Jf}[) Fe(év ) is Lipschitz continuous as well.

Lemma 5.5 (Conservation of energy). For T > 0, let (X™),y) be a solution of
and with y € C*([0,T],R™) and XN) € C*([0,T], (R")N). Then, the total energy

N N
_ Ly L (mx s |
(537)  E=lyl +W0(y)+N;<2HXzH +W1<Xz>+2N;V<Xk,Xz>>

is a conserved quantity. In particular,
(5.38) |g(1)]]* < 2B (XMt ¢t o) forall t € [0, T).

Proof. The result follows from classical conservation of energy. (5.6a) to (5.6c) are exactly
the Euler-Lagrange equations of the Lagrangian L = ||y||> — E. With Proposition 5.1} we
obtain that conversation of energy also translates to (5.11a) and (5.11b).

g

Later, in the proof of Lemma we show the conservation of energy with an elemen-
tary computation which could also be applied to prove Lemma

Lemma 5.5]justifies the assumption that the velocity v = ¢ is bounded, which is useful
for the next lemma.

Lemma 5.6. For any constant M, > 0, the maps
(X, y) = my(X,y) and (X,y,v)— FY (X, y,v)

and
(XM y) s mDAM™ ) and (AN, y,v) = FE XNy, 0)

are bounded and Lipschitz continuous for all X € R XWN) ¢ (R™)N and for all y,v € R™
with ||v|| < M,,.
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Proof. In the following, we list which assumptions imply boundedness and Lipschitz

continuity for the terms of mgg, F(l) We recall

m(X,y) = Igns + m®(X,y)"d(X, ),
FO(X,y,v) = Foly) + B(X,9)TFi(X) + mQ(Xi, y)[v, ),
KeH(X’Z’y) = CD(Xay)TK(ZaX)

We use the general fact that if 2, hy are both bounded and Lipschitz continuous, then
the product h1hs is also bounded and Lipschitz continuous.

e & is bounded and Lipschitz by (A4al) and (A4b), therefore, m®”'® is bounded
and Lipschitz as well.

® and F are bounded and Lipschitz continuous by (ALd) to (A4b), therefore
®(X,y)T F1(X) is bounded and Lipschitz.

® and 2 are bounded and Lipschitz continuous by (A4a) to (A5b), therefore,
m&(X;, y)[v, v] is bounded and Lipschitz continuous prov1ded H'UH < M,,.

Fy and Fi are bounded and Lipschitz by (Ala) to (A1d).
Finally, K is bounded and Lipschitz by and (A2d).

Together, this shows that mgf), Fe(flf), K.g are Lipschitz.
Therefore, also mig) =+ Z;V: 1 mgf) is Lipschitz and bounded.

Moreover, F =¥ Zj 1 ( + AN Keg( Xy, X, y)) is also Lipschitz continu-
ous and bounded.

The derivated bounds do not depend on N. O

—1
Next, we show that mgg) Fe(év ) is bounded and Lipschitz continuous. For this task, we

prove a slightly more general lemma, which we can reuse later to show well-posedness
of the mean-field PDE. We introduce the following notation. Let (M, djs) be a complete
metric space, n € Nand h : M — R", then we define

. [h(a) — h(D)||
Lip(h) = su .
p( ) a,beI])W dM ((1, b)
a#b

Lemma 5.7. Let (M, dyr) be a complete metric space and n € N. Let m : M — R™*™ be
bounded and Lipschitz continuous. Moreover, let m(z) be symmetric and uniformly elliptic for
all z € M, i.e. there exists a positive constant &,, > 0 such that vi'm(z)v? > 6., v||? for all
z,v € R™.

Then, the map
M —=R": 2z (m(z)!
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is bounded and Lipschitz continuous with Lipschitz constant §,,2Lip(m).

Proof. For arbitrary z € M, the ellipticity implies that the lowest eigenvalue of m(z)
is bounded from below by §,, > 0. Hence, the inverse (m(z))~! exists, and its norm is
bounded by

I(m (=)~ < 65"

This shows implies that « — m/(z) is bounded.

Next, we consider the map Inv : GL(n) — GL(n) : A+ A~! which has the derivative
DInv(m)[w] = —mtwm™" forw € R™",
which implies
D Inv(m(z))|| < 6,,2.
Now, we can show that z — Inv(m(z)) is Lipschitz. For z;,z2 € M, the matrices

m(z1), m(z2) have only positive eigenvalues. Hence, they are part of the same connected
component of GL(d). Therefore, the mean-value theorem is applicable and yields

It (m(z1)) — Inv(m(z0))| < 8,2lm(z1) — m(z2) | < 8, Lip(m)das (=1, 22).

Lemma 5.8. For any constant M, > 0, the map
-1
(XM, y,0) > (D@, ) FR (@), y,0)

€

is Lipschitz continuous for all XV) € (R™)N and all y,v € R™ with ||[v| < M,.

Proof. By Lemma we know that m(g) and Fe(f]fv ) are Lipschitz continuous and

bounded. To apply Lemma it is left to show that még) is symmetric and uniformly

elliptic. It suffices to show these properties for mgf) Symmetry follows directly from

the definition m'}) (X, y) = Ign + m®(X,y)T®(X,y), and since ®(X,y) (X, y) is

non-negative definite, we can conclude that 'megf)w > |lw]|? for all w € R™. Hence,

by Lemma (mgg))_lFe(f]fv ) is Lipschitz continuous provided ||v|| < M,,. O

Theorem 5.9 (Existence and uniqueness of solutions). For T' > 0 and for initial conditions
Xt g (Rre)N qinit yinit ¢ R0 the ODE model (5.11a) and (5.11b) has a unique solution
(XM, y) with ™) € ¢2([0, 7], (R™)N) and y € C*([0, T], R™).

Proof. First, we rewrite the ODE model (5.11a)) and (5.11b)) as

(5.39a) { g = (m @™y EN ™y, ),

(5.39b) X; = 3(X;i,y)[y] for1 <i < N.

We define M, := 2(E (XMt it ¢nit))2 where E is the total energy from (5.37).
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The assumptions (A4al) and (A4b)) imply that
(X, y,0) = (X, y)[v]

is Lipschitz continuous for ||v|| < M, and Lemma shows that (mg))_ngfv ) is
Lipschitz continuous for ||v|| < M,,.

Existence and uniqueness of solutions for (5.11a) and (5.11b) follows from the Picard-
Lindelof Theorem and Lemma 5.5

The trajectory X™) is actually twice continuously differentiable, since the right-hand
side of (5.39b) is continuously differentiable by assumption (A3a). O

3. The mean-field limit for the ODE model

For an introduction to mean-field limits, we recommend the lecture notes from Francois
Golse [Gol16] or the review [Jab14]. We will adapt the approach from [Gol16} Section 1.4]
to prove the mean-field limit for the ODE model (5.11a) and (5.11b). The main difference
to [Gol16| Section 1.4] is that our ODE system contains an additional mean-field mass
term, which requires additional estimates. First, we formally define a set of equations
and then prove that these equations are the ODE model’s mean-field limit. Our main
result is the stability estimate in Theorem [5.16]

3.1. Formal mean-field limit for the ODE model

We use the following notation from probability theory, see [Gol16|]. The space of prob-
ability measures over R"* is P (R"*) and the space of probability measures with finite
first moment is

P = {uwe P [ ol duto) < o0}
The push-forward of a measure p € P!(R"=) under a map ¢ : R" — R"= is defined as
p#u(A) = p(p~'(A)) forall A € B(R™)
where B(R"~) are the Borel measurable sets in R"=.

Let (1')1e[0,00) € P'(R™) be a family of probability measures representing the statistical
particle distribution and let ;™i® € P(R"*) be an initial particle distribution.

The formal assumption of the mean-field equations is as follows. If we consider in-
dependent, random initial conditions X", ... Xt ~ ;i then, we can hope that
there exists a statistical distribution u! € P!(R") such that X (t),..., Xy(t) ~ u* for
t> 0E| This will be made precise in Lemma and finally with the proof of mean-field
convergence. However, for now, we continue with the formal argumentation.

ZFor general interacting particle systems, this property is non-trivial and relates to the concept of propagation of
chaos [Jab14]. However, this property is less surprising for the ODE model (5.11a) and (5.11b) since it lacks pairwise
interaction between particles.
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We define the mean-field characteristic flow
(Xt)te[O,oo) with X! : R% — R

which describes the trajectories of a single “virtual” particle subject to the mean-field
influence of particles distributed according to the particle distribution ( /Lt)te[opo). Itis
governed by the mean-field characteristics flow equations

(5.40a) met (1", y) ¥ = Fer (1, y,9),
(5.40b) X'(z) = ®(X'(z),y)[y] forall z € R,
(54OC) :U’t — Xt#ﬂinit

and initial conditions
p =™t y(0) = y™ 9(0) = o™ and X%x) =2z forallz € R"™
with the definitions

(5.41a) me(,y) = [ m ) (x, y) dp(z),

Gad)  Faluyo)= [ (FR@wo)+ [ Ko due)) duto)

Both integrals are finite, since both integrands are Lipschitz continuous by Lemma
and p! € PH(R").

An alternative formulation of the mean-field equations is the mean-field PDE. First, we
observe that (5.40b) is precisely the characteristic ODE of a transport equation. Therefore,
the mean-field PDE is

(542&) meﬂ(fa y)y = Feff(fayvy)
(5.42b) 00 (w,1) = —diva (£ (2,t) D(a,y(0) (1))

where f : R™ x [0,T] — [0, 00) is the density of the particle position distribution y?, i.e.
dul(x) = f(dz,t).
3.2. Consistency with the ODE model

We use empirical measures to show the relationship between the ODE model and the
mean-field equations. For a particle position vector X¥) ¢ (R")N, we define the
empirical measure

N
em 1
(5.43) Koty = v > ox,
=1

where dx, denotes the Dirac measure, which assigns mass 1 to the point X;. The empiri-
cal measure is an exact representation of the particle positions X™) up to permutations.
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By definition of the empirical measure, we obtain the relations

N
(5.44) et (W% ¥) = 1 LS i) = m (), g)
=1

and

N N
(545) Feff(ﬂigzrlj\l) » Y,V Z <Fe( Xw Yy,v Z Xka )

=1 k;:
(5.46) = FM (™ y v).

We see that the mean-field equations extend the ODE model, which is made precise in
the following lemma. The idea is similar to [Gol16, Theorem 1.3.1].

Lemma 5.10 (Consisitency with the ODE model). Given a solution (X (N) ) of the ODE
model (5.11a) and (5.116) with XN) e C*([0, T), (R™)N) and y € C%([0, T], R™), we define
the empirical particle density fIV)

(N) __emp
f (dl’,t) MX(N)(t)

Then, (f (N) ) is a weak solution of the mean-field PDE (5.42a) and (5.42b) with initial condition

emp

pinit = H @ o) Moreover, we can construct X : [0,T] x R™ — R" such that (X,y) is a
solution of the mean-field characteristic flow equations to (5.40d).

Proof. We will first show how to construct a solution of (5.40a) to (5.40c). Let X :
[0,T] x R™ — R™ be the solution of

(5.47a) X'(x) = &(X" (), y(0)[9(1)],
(5.47b) X%z) ==z

for all z € R™. The right-hand side is Lipschitz continuous in X*(z) by (A4a) and
continuous in t. Therefore, X* is well-defined by the Picard-Lindelof Theorem

The flow X t.is exactly the flow of the ODE (5.11b). If we evaluate X' at the initial particle
positions X™, we obtain the original particle trajectories, i.e.

(5.48) XXM = X,(t) forallt e [0,7].
Now, we define the initial particle measure as p"t := oot ©) and pf = Xt#uMt as

solution candidate. Both measures are empirical measures, hence, ;'"i, i € P!(R"=) for
allt € [0,T].

By (5.48), we obtain

(5‘49) lu’t = Xt#/’binlt Xt#uinipif) ) Mii}%) (t)
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Using (5.45), (5.49) and (5.11a)), we compute
menr (' y)i = my (XM, y) §
= Fyp (XN y.9)
= eff(:ut7 Y, y)
As aresult, (y, X) is a solution of (5.40a) to (5.40c) with initial conditions ™.

To show that f (V) is a weak solution of the mean-field PDE, we consider a test function
with compact support { € C2°(R™*, R) and compute

d d .
e =4 [ema@
d ty 1 init ./
— 5 [ ) dut )
d te init/ ./
= [ SEX ) dutit ()
= [ oxelxt@) X' duit o),
Using that X* solves yields
eI = [oxe(x! @) o(x! @) y) o) i ()
~ [ 0.6 2w y®) (O Vo, 0) s

—— [ ¢ty dive (Bla,y@)HO)F Y (0,1)) do
= —(&, div((®g)fN))).
Hence, f(V) is a weak solution of . d

3.3. Existence and uniqueness for the mean-field equations

The existence and uniqueness of solutions for the mean-field characteristics flow equa-
tions (5.40a)) to (5.40c) follows the same steps as in the discrete case.

As for the ODE model, we prove conservation of energy to justify the restriction to
bounded velocities of the macroscopic component.

Lemma 5.11 (Conservation of energy). Let (X, y,y) € C([0,T], Z) be a solution of

to . Then, the total energy
(5.50)

1, .
B = 36l + Wolw) + [

Rnra

m ) 1
5 2z, y) y[> +Wi(z) + 3 ) V(' — z)dp'(2)) dp (z)

is conserved.
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In principle one could show Lemma again as a result of classical conservation of
energy for Lagrangian systems, as we did for Lemma[5.5| However, since the equivalence
between (5.42a)) and and the corresponding Euler-Lagrange equations is not that
trivial, we will give instead an elementary proof for the conservation of energy.

Proof. For the following calculations, we use the shorthand notation

d, = d(X"2),y) and Q= QX" (z),y).

First, we take the time derivative of (5.40b), which yields

X'(a) = (X" (2), y(0)[H(6)] + QX (), y()) (1), (t)]
(5.51) = &, [5] + Q[9, 9.

We recall that K (X}, X;) = —Vx, V(X — X;). The anti-symmetry of K allows us to
compute

%V(Xt( ) = X'(2)) = X&) K(X'(2'), X' (2)) - X*(2) K (X'(2"), X" (2)

(5.52) = —X"(2") K(X"(x), X'(2")) — X"(2) K (X"(2), X" (2))
where we use K (X', X) = —K (X, X’) in the last step.

Integrating (5.52) yields
/ / 71} Xt Xt(.%’))duimt( )dumlt( )
Rnz R"Jf

T2 /R /R - X'(2)K (X" (x), X' (2'))
. Xt(aj)K(Xt(wl),Xt(x))) d,uimt( )dﬂlnlt( )

(65 = [ R [ RO, X @) A ) a0,
Rna Rne

where we swap the role of z and 2z’ in one of the integrands to obtain the last equation.

To shorten the following computations, we also define

K(z) = - K(X'(a"), X'(2)) du™(a").
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We now can compute the time derivative of the total energy
- d (1
E=— 1=yl
gy (2 191" + Wo(y)

+/Rn %H‘I)(:E,y) y[I> + Wi(F) + % /Rn V(& — ) dpt (@) d,f(@/))

d

1.
= 5 (31917 Wotw)

+/an %H(I)(Xt(x),y) yg[? + Wi(X'(x))

+% /Rnx V(Xt<a;'/) o Xt(.%')) d,u,init(:(}/) dﬂinit<l’)> )

Using (5.51), (5.53) and (5.40a)) to (5.40d), we get

E=g"-Fow)+ 5 [ FIX @I+ W @) di (o) + 4
Rnz

T

=9" (4 — Fo(y)) + /an (Xt(sc))T(th(x) — Fi(X!Y(z) — K(z)) dp™ (z)

=7 o)+ [ 5Ll g~ RO )~ X))

R7z
= yT<<1 +m
R"z

- (R + [

Rne

70, di™ (2) )i
O (Fy (X' (2)) + K(w) — m€ [, 9]) du™(2)))
= yT(meffy - Feff)
=0.
O
To prove a Lipschitz bound for the mean-field characteristic flow equations (5.40al)

to (5.40c), we first need to choose a function space for the flow X*. We pick the function

space of continuous and at most linearly growing functions, see [Gol16, Proof of Theorem
1.3.2]. We define

(5.54) Y = {o | € CR™ R™), sup 1@y
zerne 1+ 2]

which forms a Banach space with the norm

@) v = su .

Our goal is to rewrite (5.40a) to (5.40c) as an ODE of the form Z = h(z). Therefore, we
define

(5.55) Z=Y ®R"™ @ R"™.
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The space Z is a Banach space with the norm

1@, y,0)ll 2 = llelly + llyll + o]l

Since conservation of energy implies that the velocity y will stay bounded for all times,
we can restrict the domain of the right-hand side to the closed subset

(5.56) Zy, ={z2=(p,y,v) € Z||v| <M} CZ
where M, > 0 is a constant.
With the definition

¥ z = ®(p(z),y)[v]
h:Zy,—=Z2Z:|y|— v
v

(meﬁ”(gp#uinita y))ilFeﬁ“(SO#Minia Yy, U)

we can rewrite (5.40a) to (5.40c) as

Z = h(z).

Sometimes, we will write h(p, y, ¥; ™) to emphasise the dependency on p™*. The first
component of the map b is indeed an element of Y, since (A5b) implies || (¢ (+), y) [v]||y <
Mg M, for all (p,y,v) € Zy, .

The following theorem essential relies on the fact that & is Lipschitz continuous.
Theorem 5.12 (Existence and uniqueness). For p"* € PH(R") and y™it vt € R,

the system (5.40a)) to (5.40d) has a unique solution (y, X) € C?([0,T],R™) x C1([0,T] x
Re, R7=),

To proof existence and uniqueness, we will use the following Lemma.

Lemma 5.13. Let ¢ : R? — Rand n : R? x R? — R be Lipschitz continuous, p,v € Y and
p € PYH(R"™) then the map

557) Yo Rion | o) dul)

(5.58) Y SR:po / (@), o)) du(y) du(z)
Rre JRna

are Lipschitz continuous with constants Lip(¢)C,||¢ — ||y and 2Lip(n)Cu||¢ — ||y where
Cu = [(1+|z]) du(z) < oo.

Proof. First we note that

[ le@ = v
L e —v@ldue) = [ FEEZEI 0 el auto) < Culle = vl
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Using this, we compute

/ / n(p(@), o(y)) du(y) du(z) — / / n(6(@), (y)) duy) dpu(z)
Rz JRnz Rz JRna

<tip) ([ lleto) ~ vl dut)+ [ o) ~ vl dutv))

< 2Lip(n)Culle — Y|y

This shows the claim for the second map. The result follows analogous to the first
map. O

Proof of Theorem [5.12l We define M, := 2E(y, v, 1*'*). Then, Lemma shows that
every solution candidate has to satisfy ||y (¢)|| < M, forall ¢t € [0, T.

Now we show that the components of the map h are Lipschitz continuous for all
(4107 y? U) € ZMU ‘

We start with the component ®(¢(-),y)[v]. The map (¢,y) — ®(¢(-),y) is Lipschitz
continuous by assumption (A4a), i.e.

d - o —
ap 00190 = o)l ¢y ( gy By, )
reRne 1+||$H

verne 1+ |z
and assumption (A4b) yields the upper bound

12(2(), y)llx < Me.
Therefore, (¢, y,v) — ®(p(-), y)[v] is Lipschitz for |v| < M,.

By Lemma we know that mgf) and Fe(flf) are bounded and Lipschitz. Therefore,
Lemma implies that

init

(807y7v) = meff(SO#/Jf 7yav)

and

init

(0,4, v) = Fegr(p#p™, y,v)
are Lipschitz continuous and bounded for ||v|| < M,,.

Moreover, m.g is symmetric and uniformly elliptic since the integration of mgf) preserves
these properties as well.

Lemma5.7]yields that for fixed 1" the map
(¢,9,9) = hle,y, g3 ™)

is Lipschitz continuous provided ||v| < M,.

Hence, the Picard-Lindeltf Theorem and Lemma yield existence and uniqueness of

solutions.

We remark that the Lipschitz constant depends on M, and Cinit. The latter is finite since
Minit c 7)1 (an) O
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3.4. Stability estimate

The mean-field limit asserts that for N — oo the behaviour of the ODE model
and is well-approximated by the mean-field characteristic flow (5.40a) to (5.40c).
Lemma implies that solutions of the ODE model correspond to solutions of the
mean-field equations (5.40a)) to (5.40c) with empirical measures as initial data. Hence, it
is sufficient to show that solutions of (5.40a) to depend continuously on the initial
particle distribution p™'* to show convergence of the mean-field limit.

As a metric between particle distributions, we use the Monge-Kantorovich

distance (also called Wasserstein distance). For a detailed study of the Monge-Kantorovich
distance, we refer to [Vil09, Chapter 6]. Since we only need the duality formula of the
Monge-Kantorovich distance, we use this characterisation as a definition.

Definition 5.14 (Monge-Kantorovich distance [Gol16, Proposition 1.4.2]).
For v, u € P}(R"™), we define the Monge-Kantorovich distance (with exponent 1) as

¢(x) dv(x) — ¢(z) du(z)|.

R R

(5.59) Wi(v,m) = sup
$EC(RNa RNz )
Lip(¢)<1

The Monge-Kantorovich distance is a complete metric on P!(R™=) [Vil09, Lemma 6.14].

Lemma 5.15. Let ¢ : RY — R be Lipschitz continuous, then

. () dpa (z) — A () dpz(z)| < Lip(¢)Wi(p1, p2)-
Proof. This follows directly from the duality formula (5.59). O

With the Monge-Kantorovich distance we can define the main result of this article. The
following estimate is a generalisation of Dobrushin’s stability estimate [Gol16, Section
3.3].

Theorem 5.16 (Stability estimate).

Suppose that for i € {1,2} the tuples (y;(t), ut(t)) € R™ x PY(R"=) are solutions of
to with initial conditions

Ul0) = Y G(0) = v and (o) =
Then,
1y1.(8) = y2(O) I +l191(2) — Ga(B) [ + Wi (pa (8), p2(t))
(5.60) < Ce™ (™ — 3™ || + o™ — wd™ | + Wi (™, us™))
for some constants L, C' > 0 which do only depend on the initial total energy of both states and
on the maximal first moment

Cp = max (/(1 + ) dpi™ (@), /(1 + ll=l) du%““(@) :
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To prove this stability estimate, we use the following ODE estimate, see also [HNW93,
Theorem 10.2].

Lemma 5.17 (The Fundamental Lemma, [Wal70, Chap 1., §7 Theorem VI]). Let A be a
closed subset of a Banach space Z and suppose that for i € {1,2} and h; : A — Z, the functions
zi + [0,T] — A solve

(5.61a) Zi(t) = hi(zi(t)) fort >0,
(5.61b) { 2i(0) = 2t
If for some constants o, e, L > 0 the following bounds hold

D) |24 = 25 < o,

(2) ||hi(z) —h2(2)|| < e forall z € Z,

(3) |[hi(z) — ()| < L||z = 2'|| forall z,7 € Z,
then,

(5.62) 21(t) — 2(t)|| < o€t + % (Xt —1).

Proof of Theorem[5.161 We define
hi(p,y,v) = h(p,y,v; ™) fori € {1,2}.

For i € {1, 2}, we consider the ODEs

with initial condition
init — ( init init)

Z; T T,Y

Next, we check the conditions of Lemma 5.1
1. We define
0= e}t — V|7 = [l — i+ ol - vl
2. For arbitrary (y,y,v) € Z),, we consider the maps
PHR"™) — R™ : p v h(p,y,v; ).
We compute

1h(s y, 05 1) = hlp, y, 05 o) 2
= ([ (e (1, )™ Fogt (11,9, 0) — (Mot (12, y)) ™" Fer (12, y, v)|-
Lemmas[5.6/and show that the maps

p— meg(p,y) and p— Fog(p,y,v)
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are bounded and Lipschitz continuous. Like in the proof of Theorem Mmeg (1, Y) is
also symmetric and uniformly elliptic for all u € P!(R"=). Therefore, Lemma|5.7|shows
that o — h(y,y, v; i) is Lipschitz continuous, i.e.

||h1(<)07 Yy, y) - h2(<)07 Yy, y)” < LM Wl( 1n1t’ MIth)
and the Lipschitz constant L, depends only on M, and C,. We set
= L,u Wl( 11'11‘57 ,LLIth).

3. From the proof of Theorem we know that hy : Z);, — Z is Lipschitz continuous.
The constant Lip(h1) depends only on M, and C,,.

Application of Lemma yields
ly2(t) = 2O + l92(t) — g2(O) [l + 1 X7 — X3lx

L Wl( init lulnlt) .
5.64 < petln 4 2K M2 ) tlip(ha) _
o0 = D) )

In comparison with the claim, equation (5.64) does not include W1 (u}, 1) yet. We derive
one more estimate to fix this. For an arbitrary Lipschitz continuous map ¢ : R"* — R,
we use Lemma and Lemma5.15to compute

'/¢ 2)dih (@) ~ [ o(e) i
H/qﬁxl )) dplni(a /¢X2 ayait (o)

H ottt - [ otxsa) ans @)

< Llp( )CMHXI — X2||X + Llp(¢)W1( lnlt,,LLlint),

Taking the supremum over all ¢ with Lip(¢) < 1 yields
(5.65) Wi (ph, ph) < C/LHXI Xtx + Wy (pt init ,ui2nit),

Combining (5.64) and (5.65) yields the claim. O

Remark 5.18. The proof of Theorem follows mainly the same idea as the previous
work on the linear case [PS20]. Previsouly, the result was shown for linear constraints g
and linear force terms.

The main addition is that for nonlinear constraint the term meg is non-constant and
therefore we need Lemma [5.8|to show that the map u — h(p,y, v, i) is Lipschitz.

The second addition is that in the linear case the third step in the proof if Theorem
is easier, since the particle distributation will only be shifted over time, i.e. there is a
vector w(t) such that ™t A) = p!(A — w(t)).
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3.5. Convergence of the mean-field limit

With the stability estimate Theorem we can finally show convergence of the mean-
field limit.

Corollary 5.19. We consider '™t € PL(R"), ynit oyt ¢ R™ and a sequence of initial
particle positions (X}M"), . such that

(5.66) Wi (SR, ™) = 0 for k — oo,
k

Let (p', y(t)) and (pf, y(t)) be solutions for to with initial conditions
(,uinit’ yinit’ ,vinit) and (Mi‘fllrll)lt , yinit’ ,Uinit)for k € N.
k

Then,

ly(®) = we®I + [9(8) = el + W', ) < CeHWa (™, pilk) = 0.
Corollary follows directly from the stability estimate Theorem 5.16|

We use Corollary as the main mean-field limit result. For the subtleties of conver-
gences of mean-field limits in different topologies, we refer to [Goll6, Section 1.4]. In
particular, the existence of suitable initial conditions such that holds is shown in
[Gol16| Section 1.4.4].

Remark 5.20 (Macroscopic equations). Since the mean-field PDE (5.42a) and (5.42b)
is essentially a transport equation, there are several ways to obtain a macroscopic
approximation for the particle dynamics. One approach would be to assume that the
density f(z,t) has the shape of a normal distribution and then find equations for the

first moments by inserting this ansatz into the (5.42a)) and (5.42b).

Let us define

(5.67) m(t) :/f(w,t) dz, p(t) :/ccf(a:,t) de, o(t) :/zc®a:f(a:,t) dx

Then
(5.68) m(t) =0 conservation of mass
(5.69) pt) =

In the context of muscle models, this method is called distributed moment method
[Zah81]. The distributed moment method is the foundation for most numerical simula-
tions of muscle tissue which include fibers, see for example [BROS; GS21; Hei+16].
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4. Conclusion

We have generalised the results from our previous work [PS20] to the case of nonlinear
constraints. In particular, the same stability estimate as in the linear case also holds
for nonlinear constraints. Moreover, the proof follows Dobrushin’s classical approach,
which shows that many properties of unconstrained particle systems generalise well to
particle systems with uniform, full-rank constraints.

Nonetheless, our results are still restricted a particular class of particle systems with
uniform, full-rank constraints. We see two main directions for further study. First,
with view towards possible applications, it would be desirable to extend our results to
cases which cover more general constraints. For example, the particles could switch
between a constrained case and an unconstrained case, as outlined in [[PS20, Section 5.3].
Second, to further explore kinetic theory-related aspects, one could drop the full-rank
condition and add interaction forces between the particles. This would lead to systems
with similarities to Vlasov equations. In particular, if the constraints are not of full rank,
the propagation of chaos becomes non-trivial since the state space of the particles could
be both non-linear and dependent on the state of the macroscopic component.






Conclusions

The main goal of this thesis was to propose a model for epithelial tissue that incorporates
epithelial-to-mesenchymal transitions. With this model, and in collaboration with
experimentalists, we have investigated the role of EMT on producing basal extrusion.
The modelling, its implementation and the exploration of the outcome of the simulations
have lead to various results that we summarise next.

¢ As a mathematical foundation, we used the theory of differential inclusions on
uniformly prox-regular sets. The theory applies to agent-based models with
non-overlap constraints (volume exclusion).

e We introduced a first-order variant of the position based dynamics (PBD)
method, and we showed numerical evidence for the method’s convergence.

e We adapted an existing model for growing epithelium and reformulated it as
a first-order differential inclusions. The reformulation allowed us to use PBD,
which led to runtime and stability improvements.

¢ We modelled heterogeneous epithelial-to-mesenchymal transitions, extend-
ing the model for growing epithelium.

e With a detailed simulation study, we investigated which factors lead to basal
extrusion.

e The simulation results lead to two new biological hypotheses which are now
also supported by in vivo experiments.

e Independent from the above projects, we showed with elementary methods a
new mean-field limit result which might help to use the kinetic approach for
new types of systems.

Mathematically, a common theme of this thesis is the investigation of differential equa-
tions with constraints (equality and inequality). Constraints typically lead to mathemati-
cal or numerical challenges, which we resolve in this thesis with the theory of differential
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inclusions and the PBD method. In Chapter 5] we instead eliminate all constraints by
derivation of equivalent unconstrained systems.

Further directions

In the following, we will outline some possible further research directions.

Position based dynamics

On the mathematical side, the most interesting next step would be a proof of convergence
for the first-order PBD method.

e Ideas for proving convergence of PBD. It seems that most steps from the proof
of Theorem[1.31]apply similarly if one replaces Moreau'’s catch-up scheme with
the first-order PBD method. The critical difference is that Moreau’s catch-up
scheme always stays within the feasible set S, whereas the PBD method can
lead to slightly infeasible states. This requires additional estimates to ensure
that the distance to the feasible set remains bounded and converges to zero.

For example, if there exists some v > 0 such that max; dist(x, S;) > adist(x, S)
for all z € R, then we may be able to show that there exists an ¢ € (0, 1) such
that

[Ps (&) = Ps, 0---0Pg, (z)]| < ¢[|[Ps (z) — |

holds for x € R? for which dist(z, S) is sufficiently small (see notations as in
Section 2.1). Such an estimate is central to showing that the approximation
errors of the PBD method do not accumulate too much (in comparison with
Moreau’s catch-up scheme). If the above estimate holds, it seems possible to
show that the PBD is stable and that the PBD approximation converges in the
same sense as Moreau’s catch-up scheme (see proof of Theorem [1.31).

Establishing the convergence of the PBD method is important since it is a powerful
method for simulating agent-based models under constraints since the stability of the
PBD method makes it possible to implement complex constraints effortlessly. Moreover,
the simplicity of PBD could accelerate many modelling projects, especially for smaller
teams, and it is particularly well-suited for quick implementation of ideas.

Simulation of epithelial-to-mesenchymal transitions and mesenchymal cell
migration

Regarding our modelling projects, there are multiple future directions to investigate. In
the following, we will list some possible directions that either extend the model or fix
certain limitations.

e Mesenchymal cell migration through the extracellular matrix. The models
in this thesis stop as soon as cells leave the epithelium basally. However, the
migration past that point is also challenging in different ways. In the basal
extracellular matrix, the cells have to migrate through a space filled with a
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dense network of fibers. The fibers support the seek-and-grab mechanism for
cell migration (i.e. for cell-matrix adhesion), but if the network is too dense,
cells must first remove some fibers to pass these obstacles.

There are many models for mesenchymal cell migration [Woo+14; Sch+; McL+12;
BE20]. One particular challenge in our context is that the number of cells varies
between tiny groups of cells (in the trunk region) and larger clusters (in the
cephalic region). Another open question concerns the used mechanism of these
cells. While neural crest cells are, in principle, capable of using chemotaxis
[The+10]. It is not clear if chemotaxis is the critical mechanism in vivo. For
example, in [Baj+19], it is shown that chemotaxis is not used to guide cells but
instead a tool for regulating cell adhesion. Here, the overall topology of the
environment seems more important for directionality.

e Improvements of the existing model. The model for growing epithelium uses
many simplifying assumptions, which make the model more generic but also
neglect certain aspects of the actual context of EMT. Taking the neural tube
as a model mechanism, one could consider modelling not a rectangular patch
but a curved tissue or even a closed tube. A more realistic geometry may also
influence EMT and basal extrusion.

e Three-dimensional modelling. Most aspects of the EMT model generalise
directly to three dimensions. However, the apical layer is not an ordered line
of springs in three dimensions. Instead, a more complicated topology of apical
cell-cell adhesion is necessary. Here, new rules are required to model the apical
surface. A preliminary implementation for three dimensions already exists, but
more attention to detail is required to make the mathematical model usable.
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Appendix

1. The Uzawa algorithm

The Uzawa algorithm is a classical approximation for linear saddle point problems and
it extends to nonlinear saddle point problems.

We follow [BBF13, Chapter 5] for the presentation of the linear case.

1.1. Linear case
A linear saddle point problem arises from a constrained optimisation problem such as
minimise ! Az — flx
subjectto Bx =g
where A € R™*? is symmetric, B € R™*? withm < d, f € R" and g € R™.
Using the Lagrangian approach this is equivalent to finding a saddle point of
L(x, ) =axT Az + B"X - flz.

That is, we seek a solution of

inf sup L(x, \).
xR xgR™

We note that supy L(x, A) = co if Bx # g, therefore, the result is also a solution of the
original problem.

The corresponding first order conditions yield the linear problem

= 6 5)(0)-6)
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The numerical challenge of this problem arises since this linear system is often not
symmetric and positive definite.

If A is invertible, one can eliminate x. From the first row in (A.1)) we obtain
(A.2) x=A"'f—A'BTA

which can be inserted into the second row

(A.3) BA=BA'f —BA'B'A=g < BA'B'A=BA'f—g.

In applications, the Schur complement BA~! BT has typically good properties (such
as the ‘inf-sup” conditions in the finite element context) which makes this approach
attractive.

Assuming that BA™1 BT is symmetric and positive-definite, we can write (A.3) equiva-
lently as

min F(A)  with  F() = ATBATIBTX —22T(BA71f — g)
The gradient of F' is given by
Using a gradient method applied to and yields the Uzawa algorithm:
e Pick \g arbitrary.
e Iterate for £ > 0 until convergence:

— Find x4, solution of

Az = f — BT\,

— Compute A1 with a properly chosen decent step-size «
Ai1 =M +a(BAT'BTA, — BA7 f —g)
= A, + a(Bxri1 — g).
The steps of the Uzawa algorithm approximate the alternating solution of the problems
infg L(x, Ar) and supy L(xg+1, ).
1.2. Nonlinear Uzawa algorithm

Generalising the linear case, we can consider to solve the saddle point problem

inf sup L(xz,A).
:.l:E]Rd ACR™

for the Lagrangian
Lz, A) =W () + (g(z)")A
with W : RY — R and g : RY — R™ with corresponding Lagrangian multipliers A € R™.

Inspired by the linear case, one might approximate the iterated solution of infy £(x, Ag)
and supy L£(xj+1, A) using the gradient method. The difference to the linear case is that
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solving the inf, £(x, Ax) is not trivial and also uses the gradient decent method instead
of an exact solution. We obtain the following method:

e Pick Ao, x¢ arbitrary.
e Iterate for k£ > 0 until convergence:
— Compute x4 with a properly chosen step-size y

@1 = o — V(VaW (@k) + (Vag(@r) " Ap)

- Compute \;1 with a properly chosen step-size o

Ait1 = A + ag(xpi1).

2. Derivation of the ODE model

In this section, we show that solutions of the DAE model (5.6a)) to (5.6¢) are also solutions
of the ODE model (5.11a)) and (5.11b). We recall the DAE model

,

N
.. 1
(A.4a) mX; = Fi(X;) + ~ § :K(Xi, X)) — (0x,9(X5,9) TN for1 <i< N,
k=1

N
. 1

(A.4b) §="Fo(y) - 5 D_(Oug(X5.9) "N,

j=1
(Ado) | 9(Xiy) = g(X;™, y™)  forl<i<N
and the ODE model
(A5a) ma' = Fy ),
(A.5b) X, = ®;[y], forl<i<N.

Proof of Proposition[5.1} In the following we assume X; € Cll([O, T],R™) and y €
C%([0,T],R™) for 1 < i < N. We start with showing ‘(A.4d) < (A.5b)". Thereafter, we
prove that if (X ("), y) satisfy (A.5b), then ‘(A.4d]) and (A.4b) < (A.5d))".

1. We show that (A.4d) is equivalent to (A.5b).

ae @ e YT o g(xy) K + 0y )] = 0
(A7) & X; = — (0x,0(Xi,y)) " 9yg(Xi, )] & (A.5h

=d,

2. Under the condition that (A.5b) holds, we show that (A.4a) and (A.4b)) are equivalent
to (A.5a).
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Taking the time derivative of (A.5b) implies
X; = &[] + &;[y]

= ®(X;, y)[§] + 0x,2(Xs, y)[9, Xi] + 0y (X, ) [y, Y]
(A.8) = (X4, y)[g] + 9x,2(Xi, y) [y, (X, y)[9]] + 0y ®( Xy, y)[y, U]

where we used (A.5b) again in the last line to remove the dependency on X;. As a
side-effect we obtain X; € C?([0,T],R™=).

To shorten (A.8), we define

Qifv, w] = Q(X;,y)[v, w]
(A9) = 8Xi(I)(Xi7 y)[vv (ID(Xiv y)[w“ + ay(b(Xi7 y)[v’ w]

for v, w € R™. Then, we can write (A.8) as
(A.10) X, = &[9] + Uy, ).

With this preparation we can prove the desired equivalence.

2.a) ‘(A.4d) and (A.40) = (A.5d)’

We assume that (X() | y) are a solution of the DAE model. Then, (A.4a) and (A.10)
imply

N
(A1) A = (0x,9(Xi,y)) " <F1(X') + % > K(Xi, Xy) — mXi)
k=1

N
(A.12) = (8Xig(Xi>y))_T < Z le Xk mq)l[y] - sz[y, y]) .

= \

Inserting (A.12) into (A.4D) gives

N

(A13) § = Fo(y) + Z@T <F1 Z (X, Xi) — m(®;][] +Qj[y,y])>.
k

Collecting the acceleration terms to the left-hand side yields

N
m ..
j=1

1N<1>TFX 1NKXX Qily,y
+N; J 1( j)_‘_ﬁz (X, Xi) —mQi[y, y]

which is equivalent to (A.5a).

2.b) “(A.4a)) and (A.4b) < (A.5a)’ We assume now that (XN), y) solves the ODE model.
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To find a solution of the DAE model, we define

N
(A19) A= (0x,9(X0 )T (X0 + - D0 K (X Xi) — mbifg] — mSly, )
k=1

which is exactly (A.12). The assumptions g € C?, dx,g(X;,y) invertible and y € C?
imply \; € C°([0, 7], R™).

Inserting (A.10) into (A.14) yields (A.11) which is equivalent to (A.4a).
And as a final step, inserting (A.14) into (A.5a) yields (A.4b). O
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