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MOTIVATION




WHAT [ wANT TO DO ©

Simulation of epithelial cells




WHAT [ wANT TO DO ©

Simulation of epithelial cells

But: There are inequality constraints in the model:
m non-overlapping constraints between nuclei cores,

m black line is a chain of links with fixed maximal length.



WHAT I HAVE TO DO ®

1. Solve an ODE

x=flx)+...
with (many) inequality constraints

gr(x(t)) =0 forall k.



WHAT [ HAVE TO DO ®

Particles

1. Solve an ODE

x=f(x)+... o

with (many) inequality constraints

> 4+

gk(x(t)) =0 forall k.

2. Do it fast...
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WHAT [ FOUND (WHILE NOT DOING MY PHD)

I needed to wait overnight for simulation studies with a model of just 30 cells.

At the same time, I can crash into inequality constraints in real-time...

Computer graphics uses Position-based Dynamics (PBD). Let’s try that!




Goob News: PBD 1s VERY STABLE!

It has not problems to simulate
a stack of objects, like this...

\\\\\\\\

..many mathematically more
rigorous methods would lead
to jittering and a colapsing
stack!




Vipeo or PBD

(embedding videos in IATEXis annoying)
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Position-based Dynamics (PBD) is not a convergent method.

The End.
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BAD NEWS?

Position-based Dynamics is probably not a convergent method, but very stable and fast.

For our application
1. numerical error < model error
> Visually identical to other numerical methods.

2. Speed: Our simulations are almost 100 times faster now.
3. Stability: No cases anymore in which an internal solver fails.
4. Simplicity: It is super easy to implement (even for PDEs).

Goal (work in progress):
Find rigorous mathematical arguments to justify use of Position-based Dynamics (PBD).
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OVERVIEW OF THIS TALK

1. Position-based Dynamics for first order systems,
2. Filippov ODEs and numerical integration,
3. ...attempts to get error bounds.
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PosSITION-BASED DYNAMICS FOR FIRST ORDER
SYSTEMS




THE TOY MODEL: FIRST ORDER HARD-SPHERE MODEL

We consider N particles (in 2D) with radius R = 1 and with positions
X =(Xy,...,Xyn) € RPN,

'k =1,...,m corresponds to all pairs {1,2},{1,3},...,{N -1,N}.



THE TOY MODEL: FIRST ORDER HARD-SPHERE MODEL

We consider N particles (in 2D) with radius R = 1 and with positions
X = (X1,...,Xn) € R?N. We consider this complementarity system

m
X; = fi(X) + Z/\ngk(X) foralli=1,...,N,
k=1

k>0, Ax>0 and gAx=0 forallk =1,...,m,
X;(0) = Xt foralli=1,...,N
where
k(X)) = [|X; = Xj|| -2

are the m = ( I%,) constraints for non-overlapping spheres. !

'k =1,...,m corresponds to all pairs {1,2},{1,3},...,{N - 1,N}.
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INCREDIENTS OF PosITiON-BASED DYNAMICS

1. Explicit Euler: Numerical flow map
o/ (X) = x + hf(X)
2. Proximal maps: For a given constraint gi, the proximal operator is

proxé(x) = argmin ||x —y||
YER™N gi ()20

Numerical flow map of PBD

CDII:BD(X) — proxgm ©coo@® pr())(g1 o CD'}C(X)

Hence, numerical solution is
Xn+1 = (DI;BD(X?Z )

10/ 24



PBD (with large At)

PBD with large At
initial state

PBD with large At

2. Euler ste 3. Fix overlap (3,1
4 a P . P (3.1)
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COMPUTATIONAL BUDGET

Computation of (DEBD (X)is
very fast,

= we can choose very
small step-size /1,

= within each step the
constraint violation remains
small.

But, we have no error

bounds for the accuracy of
the Lagrangian multipliers!

12 /24



COMPUTATIONAL BUDGET

Time-stepping

Position-based D i
with internal LCP solver oston-based Lynamics

Computation of (I)ZBD (X)is

very fast, (very sma,ll)

time step h

time step h

= we can choose very

small step-size /1, one iteration

to estimate

Aueos Am

iterations to compute

= within each step the Mgooonimm

constraint violation remains
small.

But, we have no error

bounds for the accuracy of
the Lagrangian multipliers!
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FiLirrov ODEs AND NUMERICAL INTEGRATION




Numerics 101

Consider x = f(x).
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Numerics 101

Exact flow: Numerical flow (explicit Euler):

Consider x = f(x). oi(x) = e'x. Oy (x) = x + hf(x).

m Consistency:
lpn(x) = p(x)|| < Ch2.
m Stability:
1Py (x) = Du(y)ll < (1+ Lh)|lx - yll.

m Convergence: For fixed T > 0,

lin(x)=Py (%)l < Mh  foralln, h withnh <T.
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Numerics 101

Exact flow:

Consider x = f(x). oi(x) = e'x.

m Consistency:
lon(x) = Pp(x)|| < Ch2.
m Stability:
[Py (x) — @p(y)ll < (1 +Lh)||x -y

m Convergence: For fixed T > 0,

lin(x)=Py (%)l < Mh  foralln, h withnh <T.

Numerical flow (explicit Euler):
Dp(x) = x + hf(x).

Yo ¢

exact solution

S~

. Un

e

‘numerical method "
T T,

to tq ts

Figure 3: Lady Windermere’s fan.
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Numerics 101

. . Exact flow: Numerical flow (explicit Euler):
Comsiclen 2 = ji{E0) Pi(x) = e'x. Oy (x) = x + hf(x).
Yo 4 y(tn)

m Consistency:

llon(x) = @u(x)]| < Ch2.
m Stability:

195 (x) = Pu(y)Il < 1+ LA)l[x - yl|.
m Convergence: For fixed T > 0,

exact solution

S~

. Un

e

lin(x)=Py (%)l < Mh  foralln, h withnh <T. : : ‘numerical method
@ B & Tn

Figure 3: Lady Windermere’s fan.

A typical result is consistency + stability = convergence.
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In which sense do exact solutions even exists?
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DISCONTINIOUS RIGHT-HAND SIDES

Example:

y=-1+47,
gy)=y=0, 120, yA=0.
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DISCONTINIOUS RIGHT-HAND SIDES

Example:

y=-1+A4,

gy)=y=0, 120, yA=0.

(Think of y as the height of the
apple over the ground.) Here:

_ |0 before impact,
|1 after impact.

g

On the ground, the
complementary condition
implies (if y exists):

0=yA+yA
=(-1+A)A.




DISCONTINIOUS RIGHT-HAND SIDES

g

Example:
y=-1+4, ...or as Filippov ODE:
gy)=y=0, 120, yA=0.
-1 >0
(Think of y as the height of the . { . }0 Y 0
apple over the ground.) Here: y [-1,0] y=
{0} y<0

B {0 before impact,




DISCONTINIOUS RIGHT-HAND SIDES

g

Example:

...or as Filippov ODE:
y=-1+A4, 1 .
- y>
=y>0, A>0, yA=0.
sy =y y jell-1,0] y=0
(Think of y as the height of the {0} y<0

apple over the ground.) Here:

m Existence theory,

B {0 before impact,

m allows extension of ODE
1 after impact. _ to infeasible positions.




Does numerical integration work for such systems?

16 / 24



DI1sCONTINIOUS RIGHT-HAND SIDES: THE SLIDING CASE

Example: Sliding case

e -

f+ xp >0
xed@((f", ) =0
f- x2 <0

co{. .. } is the closure of the
convex hull.

17 / 24



DI1sCONTINIOUS RIGHT-HAND SIDES: THE SLIDING CASE

Explicit Euler in the sliding case
0.75

PR ]
5 A9 L U U U R T T}
Example: Sliding case 0.501
U U U N "N S PR TR
+ . 1 -2 Y U S 'O R S PR R Y
= 1 = 1 0.25
u u CUIE S W Y S R "
" == exact sol
f x2 >0 g ooolt * % —dt=02
. — (ot - > ¥ v ¥ ¥oow —dt =0.09
xeqco{f", f}) x=0 —dt=0.04
B E AU A A5 A A A & 35 25 A
f x2 <0 -0.25-
AU A5 A B 35 3 35 B & &
co{. ..} is the closure of the A A A B A A AU 2 3 & 4
convex hull. 0-501
A A A 3 &5 A & & & A
ol X ¥ v v oy v ow
0.5 0.0 0.5 1.0

X
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...TOWARDS ERROR BOUNDS FOR PBD
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CHALLENGE IN THE NUMERICAL ANALYSIS

m How fast do we enter the
infeasible regions?

m What are the chain
reactions of

P(X) = pI'OXg’” o- - 'OpI'OXgl (X)

m How likely are bad cases?




LOWERING EXPECTATIONS...

m [ want to find a global
error bound.

num sol
excat sol

limit of PBD




KissiNG UNIT DIscCSs

To analyse

P(X) = prox3™ o - - - o prox$(X)
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KissiNG UNIT DIscCSs

To analyse
P(X) = prox3™ o - - - o prox$(X)
we consider the graph

G=(V,E) with
V={1,...,N},
E ={(@j) |if |Xi = Xj|| < 2R}.
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KissiNG UNIT DIscCSs

enumerated contacts

To analyse
P(X) = prox3™ o - - - o prox$(X)
we consider the graph

G=(V,E) with
V={1,...,N},

E = {(i,) | 11X; = X;1| < 2R}.
9
©

dual of unit disc graph
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WORST-CASE BOUNDS

Lemma
Given a state X € R?N such that

ek(X)>20—¢ forall k

then
gk(P(X))>0-Ce forallk

where the constant C depends on properties of the unit disk graph.
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WORST-CASE BOUNDS

Lemma
Given a state X € R?N guch that

gr(X) >0- g for all k

Z max(—gx(X),0) > C Z max(—gx(P(X)),0)
k k

where the constant C depends on properties of the unit disk graph.

(But I have no satisfying bound for C yet.)

23 /24



OuTtLoOK

m I cannot prove consistency (yet):

llpn(x) = Dp(x)|| < Ch2.
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OuTtLoOK

m I cannot prove consistency (yet):

llpn(x) = Dp(x)|| < Ch2.

m Proving stability in this sense is possible:

14 (x) = @u(y)Il < (1 + CLI)Ix = ylI.

m Maybe I can only get this kind of convergence: For fixed T > 0,

lpnn(x) = P (x)l| < C+Mh foralln, h withnh <T.

24 /24
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Thank you for your
attention!




ALTERNATIVES

m Non-smooth contact dynamics:
Solve a nonlinear optimisation problem in each time-step...

m Smoothening, Repulsive potentials, Penalty method, Discrete Element method, ...
Replace non-smooth right-hand side with a smooth approximation or use alternative
model.

— Might be more physical, but also leads to very stiff systems.

m Implicit methods:
Use large time-steps but a nonlinear solve which usually also predicts the collision
response.

m Event time methods:
Predict time of collision and compute correct response exactly.
It is very hard to be faster and simpler than PBD, but these methods above are more rigorous
and backed by decades of experience.



DISCONTINIOUS RIGHT-HAND SIDES

Example:

y=-1+A47,
gly)=y=0, A=0, yA=0.

Consider a state y(¢*) = 0.
Then, the complementary condition implies (if i exists):
0=yA+yd
=(-1+ M)A

Hence,
A(tY) = 1.
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